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Abstract: In this paper, we introduce new type of similarity 
measures for single valued neutrosophic sets based on hyperbolic 
sine function. The new similarity measures are namely, single 
valued neutrosophic hyperbolic sine similarity measure and 
weighted single valued neutrosophic hyperbolic sine similarity 
measure. We prove the basic properties of the proposed 
similarity measures. We also develop a multi-attribute decision- 


making strategy for single valued neutrosophic set based on the 
proposed weighted similarity measure. We present a numerical 
example to verify the practicability of the proposed strategy. 
Finally, we present a comparison of the proposed strategy with 
the existing strategies to exhibit the effectiveness and practicality 
of the proposed strategy. 


Keywords: Single valued neutrosophic set, Hyperbolic sine function, Similarity measure, MADM, Compromise function 


1 Introduction 


Smarandache [1] introduced the concept of neutrosophic 
set (NS) to deal with imprecise and indeterminate data. In 
the concept of NS, truth-membership, indeterminacy- 
membership, and falsity-membership are independent. In- 
determinacy plays an important role in many real world 
decision-making problems. NS generalizes the Cantor set 
discovered by Smith [2] in 1874 and introduced by 
German mathematician Cantor [3]in 1883, fuzzy set 
introduced by Zadeh [4], intuitionistic fuzzy set proposed 
by Atanassov [5]. Wang et al. [6] introduced the concept 
of single valued neutrosophic set (SVNS) that is the sub- 
class of a neutrosophic set. SVNS is capable to represent 
imprecise, incomplete, and inconsistent information that 
manifest the real world. 

Neutrosophic sets and its various extensions have been 
studied and applied in different fields such as medical 
diagnosis [7, 8, 9], decision making problems [10, 11, 12, 
13, 14], social problems [15, 16], educational problem [17, 
18], conflict resolution [19], image processing [ 20, 21, 
22], etc. 

The concept of similarity is very important in studying 
almost every scientific field. Many strategies have been 
proposed for measuring the degree of similarity between 
fuzzy sets studied by Chen [23], Chen et al. [24], Hyung et 
al. [25], Pappis and Karacapilidis [26], Pramanik and Roy 
[27], etc. Several strategies have been proposed for meas- 
uring the degree of similarity between intuitionistic fuzzy 


sets studied by Xu [28], Papakostas et al. [29], Biswas and 
Pramanik [30], Mondal and Pramanik [31], etc. However, 
these strategies are not capable of dealing with the similari- 
ty measures involving indeterminacy. SVNS can handle 
this situation. In the literature, few studies have addressed 
similarity measures for neutrosophic sets and single valued 
neutrosophic sets [32, 33, 34, 35]. 

Ye [36] proposed an MADM method with completely 
unknown weights based on similarity measures under 
SVNS environment. Ye [37] proposed vector similarity 
measures of simplified neutrosophic sets and applied it in 
multi-criteria decision making problems. Ye [38] 
developed improved cosine similarity measures of 
simplified neutrosophic sets for medical diagnosis. Ye [39] 
also. proposed exponential similarity measure of 
neutrosophic numbers for fault diagnoses of steam turbine. 
Ye [40] developed clustering algorithms based on 
similarity measures for SVNSs. Ye and Ye [41] proposed 
Dice similarity measure between single valued 
neutrosophic multisets. Ye et al. [42] proposed distance- 
based similarity measures of single valued neutrosophic 
multisets for medical diagnosis. Ye and Fu [43] developed 
a single valued neutrosophic similarity measure based on 
tangent function for multi-period medical diagnosis. 

In hybrid environment Pramanik and Mondal [44] 
proposed cosine similarity measure of rough neutrosophic 
sets and provided its application in medical diagnosis. 
Pramanik and Mondal [45] also proposed cotangent 
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similarity measure of rough neutrosophic sets and its 
application to medical diagnosis. 


Research gap: MADM strategy using similarity measure 
based on hyperbolic sine function under single valued 
neutrosophic environment is yet to appear. 


Research questions: 


e Is it possible to define a new similarity measure 
between single valued neutrosophic sets using hyper- 
bolic sine function? 

e Is it possible to develop a new MADM strategy based 
on the proposed similarity measures in single valued 
neutrosophic environment? 


Having motivated from the above researches on 
neutrosophic similarity measures, we have introduced the 
concept of hyperbolic sine similarity measure for SVNS 
environment. The new similarity measures called single 
valued neutrosophic hyperbolic sine similarity measure 
(SVNHSSM) and single valued neutrosophic weighted 
hyperbolic sine similarity measure (SVNWHSSM). The 
properties of hyperbolic sine similarity are established. We 
have developed a MADM model using the proposed 
SVNWHSSM. The proposed hyperbolic sine similarity 
measure is applied to multi-attribute decision making. 


The objectives of the paper: 


e To define hyperbolic sine similarity measures for 
SVNS environment and prove some of it’s basic 
properties. 


e To define conpromise function for determining 
unknown weight of attributes. 


e To develop a multi-attribute decision making model 
based on proposed similarity measures. 


e To present a numerical example for the efficiency 
and effectiveness of the proposed strategy. 


Rest of the paper is structured as follows. Section 2 pre- 
sents preliminaries of neutrosophic sets and single valued 
neutrosophic sets. Section 3 is devoted to introduce hyper- 
bolic sine similarity measure for SVNSs and some of its 
properties. Section 4 presents a method to determine un- 
known attribute weights. Section 5 presents a novel deci- 
sion making strategy based on proposed neutrosophic hy- 
perbolic sine similarity measure. Section 6 presents an il- 
lustrative example for the application of the proposed 
method. Section 7 presents a comparison analysis for the 
applicability of the proposed strategy. Section 8 presents 
the main contributions of the proposed strategy. Finally, 
section 9 presents concluding remarks and scope of future 
research. 


2 Neutrosophic preliminaries 
2.1 Neutrosophic set (NS) 


Definition 2.1 [1] Let U be a universe of discourse. Then 
the neutrosophic set P can be presented of the form: 

P={<x:Tp(x ), Ip(x ), Fr(x)> |x € U}, where the 
functions T, J, F: U- ]0,1*[ define respectively the 
degree of membership, the degree of indeterminacy, and 
the degree of non-membership of the element x < U to the 
set P satisfying the following the condition. 


“0 < sup7Tp(x) + sup/p( x) + supF p(x) < 3* 


2.2 Single valued neutrosophic set (SVNS) 


Definition 2.2 [6] Let X be a space of points with generic 
elements in X denoted by x. A SVNS P in X is 
characterized by a truth-membership function Tp(x), an 
indeterminacy-membership function /p(x), and a falsity 
membership function Fp(x), for each point x in X. 

Tp(x), Ip(x), Fr(x)€ [0, 1]. When X is continuous, a 
SVNS P can be written as follows: 

P=j, eee > oe 

When X is discrete, a SVNS P can be written as 
follows: 


P= yi 
For two SVNSs, 


Psyns = {<x: Tp(x ), [p(x), Fr(x )> 1x € XxX} and 
Osvns = {<x, To(x), Io(x), Fo(x)> 1x eX } the two relations 
are defined as follows: 


(1) PsvwsS Qsvns if and only 
Ix) > I(x), Fox) > Fol) 

(2) Psyns= Qsvns if and only if Tp(x) = To(x), Ip(x) = 
Io(x), Fp(x) = Fo(x) for anyxeX. 





x 





<T p(x;), IT p(4;), F p(;) > ie 


xj 


x 


i 


if Tp(x) < To(x), 


3. Hyperbolic sine similarity measures for SVNSs 


Let A = <x(T4(x), Lax), Fa(x))> and B = <x(Ta(x), Ia), 
F3(x))> be two SVNSs. Now hyperbolic sine similarity 
function which measures the similarity between two 
SVNSs can be presented as follows (see Eqn. 1): 


SVNHSSM (A, B) = 
. IT a(x -Ta(ai)|+ a(x) — 1a Ca)| 
sinh 
n +|Fa(xid— Fa (xi (1) 
x 
i=1 11 





a [Re 


Theorem 1. The defined hyperbolic sine similarity 
measure SVNHSSM(A, B) between SVNSs A and B 
satisfies the following properties: 
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0 SVNHSSM(A, B) <1 

SVNHSSM«(A, B) = 1 if and only if A = B 
SVNHSSM (A, B) = SVNHSSM(B, A) 

If RisaSVNS in X and A CBCR then 
SVNHSSM(A, R) = SVNHSSM(A, B) and 
SVNHSSM(A, R) = SVNHSSM(B, R). 


aS 


Proofs: 

1. For two neutrosophic sets A and B, 
O<TA(X;), TAX), Fa), Tg). [p(%)s Fe(%;) $1 
> 0 <I 4%) -Ta@)|+ 4) -Is@)| 
+|F 4(%))— Fa(%))| <3 

“s Pa) -Te(%,)| +24) - Ia) 

sinh 
+|F 4(4))- Fa (x;)| 
ll 





Hence 0< SVNHSSM(A, B)< 1 
2. For any two SVNSs A and B, if A = B, 
= T4(x) = Ta(x), Tax) = Tnx), Fax) = Fax) 





=> (P40) -T pO =0. P40 -Tp(0)|=0, 


|F a(x) — F g(x) =0 
Hence SVNHSSM(A, B) = 1. 
Conversely, 
SVNHSSM(A, B) = 1 
= T4()-Ts@|=0, 
Fa) — F g(x) =0. 





Ta(x)-Ipg(o]=0, 


This implies, Ta(x) = T(x) , L(x) = In(x), Fa(x) = F(x). 


Hence A = B. 


3. Since, 

[Pr .@)-T a) =[P2@)-TaQ) 
P40) -1g()|=|2e0) - 14) 
Fa) - Fe(O|=|F2(- Fal. 





> 





> 


We can write, SVNHSSM(A, B) = SVNHSSM(B, A). 


4.AcBCR 
=> Ta(x) < Ta(x) < Tr(x), (x) = Ip(x) = Ir(X), 
F4(x) > F(x) = Fr(x) for xe X. 


Now we have the following inequalities: 
ITs -T a S|TaA@-TrO), 

IT gO -T er S|Ta@-Tr); 
IT4)-Ig@|S|24@-Ie@, 

Te) -IeO|S|L4@)-Ie@); 


Fa) - Fe0|S|FaQd- Fr), 
Fp) - Fr] S|FaQ0- Fr@). 


Thus, SVNHSSM(A, R) < SVNHSSM(A, B) and 
SVNHSSM(A, R) < SVNHSSM(B, R). 


3.1 Weighted hyperbolic sine similarity measures 
for SVNSs 


Let A = <x(Ta(x), Lax), Fa(x))> and B = <x(Ta(x), 
Ip(x), Fp(x))> be two SVNSs. Now weighted hyperbolic 
sine similarity function which measures the similarity 
between two SVNSs can be presented as follows (see Eqn. 
2): 


SVN WHSSM (A, B) = 
: Ta(x)-T ep (xa)| + V(x) Lea 
inh 
+|Fa(ai-F a(x (2) 
i=l 11 





Here, OS w,<1, Yw=l. 
jal 


Theorem 2. The defined weighted hyperbolic sine 
similarity measure SVNWHSSM(A, B) between SVNSs A 
and B satisfies the following properties: 


0 SVNWHSSM(A, B)* 1 

SVNWHSSM (A, B) = 1 if and only ifA =B 
SVNWHSSM (A, B) = SVNWHSSM (B, A) 

If RisaSVNS in X and A cCBCR then 
SVNWHSSM (A, R) © SVNWHSSM(A, B) and 
SVNWHSSM (A, R) £ SVNWHSSM (B, R). 


NS 


Proofs: 


1. For two neutrosophic sets A and B, 
0ST 4%), TAQ), Fa, Ta), ei), Fa) S1 
>0<17,6)-T3@)|+l,.G)-In@)| 

+|F4()- Fax) <3 


. (ra) -Ta(%,)| +24) - Ia) 
sinh 
+|F 4(4))- Fa (x;)| 
11 





Again, 0< w,<!, Sw,=1. 
i=l 


Hence 0< SVNWHSSM(A, B)< 1 
2. For any two SVNSs A and B, if A = B, 
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> Ta(x) = Tp(x), Is(x) = Ip(x), F(x) = F(x) 





IT,@)-Ta(o=0, 





14(%)-Ig(|=0, 
|F 4(x)- Fg (x)| =0 
Hence SVNWHSSM(A, B) = 1. 


Conversely, 


SVNWHSSM(A, B) = 1 
IT.()-Ts@|=0, 
|F4()- F,()|=0. 








TA@)-Ip(0|=0, 


This implies, Ta(x) = Ta(x) , La(x) = In(x), Fa(x) = Fa(x). 
Hence A = B. 
3. Since, 
Pa) -Te@|=|P2@-TaQ), 
4) -Ie@|=|E2@-L@)], 
Fs) - Fg)|=|Fa@)- Fa). 





We can write, SVNWHSSM(A, B) = SVNWHSSM(B, A). 


4.AcBCR 
=> Ta(x) < Ta(x) < Tr(x), LA(x) = In(x) = Ir(x), 
Fa(x) > Fax) > Fr(x) for xe X. 


Now we have the following inequalities: 
TO) -T (| S$|Ta@-Tr, 


T p()-Tr(|S|Ta@O-Tr]; 
Ta@)-1g(|S$|24C0-Te), 
Tp) -Ie|S$ |, -Ie@; 
F4Q)~ Fp) S|Fs@- Fe, 
Fp(X)- Fr) S|Fs@- Fe). 





Thus SVNWHSSM(A, R) = SVNWHSSM(A, B) and 
SVNWHSSM(A, R) < SVNWHSSM(B, R). 


4. Determination of unknown attribute weights 


When attribute weights are completely unknown to 
decision makers, the entropy measure [46] can be used to 
calculate attribute weights. Biswas et al. [47] employed 
entropy measure for MADM problems to determine 
completely unknown attribute weights of SVNSs. 


4.1 Compromise function 


The compromise function of a SVNS A = (te ‘oe Fi) 


G=1, 2,..,m; j= 1, 2, ..., n) is defined as follows (see 
Eqn. 3): 


C)(A) = Ser} —if—r4) 3 3) 


The weight of j-th attribute is defined as follows (see Eqn. 
4). 


C (A) 
foe Bee 4 
ME SR GAS m0 
Here, w= 1. 
jal” 


Theorem 3. The compromise function C;(A) satisfies the 
following properties: 





Pl. C,(A)=1, if Ty=LFy=1,;=0- 
P2. C,(A)=0, if (Ty 015. Fy = (0.11). 
P3. CiAZE;(B), ifT}=77 and A+ Fis 13+ Fi. 





Proofs. 


Pl. Ty=l Fy=l =0 





= C,(A)= DS a/S= net 
™M j=1 m 


P2. Pest geFy)= OA). 





C,(A)=— 50/3 =0 
™M j=) 
P3. C,;(A)-C,(B) 
zs A yA A) ey Bo yB_ 8) 
> 7 et Ti Li Fi)/3 et Ti Li Fy 3 7>0 
i=l i=l 


B 


=> C,;(A)-C;(B) > 0, Since, 7} >7F and [+ Fj <1} + Fj - 


Hence, C)(A=C,(B)- 


5. Decision making procedure 


Let Aj, Az, ..., Am be a discrete set of alternatives, C1, C2, 
.., Cy be the set of attributes of each alternative. The val- 
ues associated with the alternatives A; (i = 1, 2,..., m) 
against the attribute C;(j = 1, 2, ..., n) for MADM problem 
is presented in a SVNS based decision matrix. 


The steps of decision-making (see Figure 2) based on 
single valued neutrosophic weighted hyperbolic sine simi- 
larity measure (SVNWHSSM) are presented using the fol- 
lowing steps. 


Step 1: Determination of the relation between al- 
ternatives and attributes 


The relation between alternatives Aj (i = 1, 2, ..., m) 
and the attribute C; (j = 1, 2, ..., n) is presented in the Eqn. 
(5). 
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Step 2: Determine the weights of attributes 


Using the Eqn. (3) and (4), decision-maker calculates the 
weight of the attribute C;(j = 1, 2, ..., n). 


Step 3: Determine ideal solution 


Generally, the evaluation attribute can be categorized into 
two types: benefit type attribute and cost type attribute. In 
the proposed decision-making method, an ideal alternative 
can be identified by using a maximum operator for the 
benefit type attributes and a minimum operator for the cost 
type attributes to determine the best value of each attribute 
among all the alternatives. Therefore, we define an ideal 
alternative as follows: 


A* = {Ci*, Co*, ..., Cn*}. 
Here, benefit attribute Cj can be presented as follows: 

eo (Aj) : (Aj) : (Aj) 
Cj=[maxT, smin Je," min Fe, | (6) 
forj = 1, 2, ..., n. 
Similarly, the cost attribute c; can be presented as 
follows: 
C; =| min fee ,max fet ; max Fe; | (7) 
forj=1,2,....n 


Step 4: Determine the similarity values 


Using Eqns. (2) and (5), calculate SVNWHSSM values 
for each alternative between positive (or negative) ideal so- 
lutions and corresponding single valued neutrosophic from 
decision matrix D[AIC]. 


Step 5: Ranking the alternatives 


Ranking the alternatives is prepared based on the de- 
scending order of similarity measures. Highest value indi- 
cates the best alternative. 


Step 6: End 
6. Numerical example 


In this section, we illustrate a numerical example as an ap- 
plication of the proposed approach. We consider a deci- 
sion-making problem stated as follows. Suppose a person 
who wants to purchase a SIM card for his/her mobile con- 


nection. Therefore, it is necessary to select suitable SIM 
card for his/her mobile connection. After initial screening, 
there are four possible alternatives (SIM cards) for mobile 
connection. The alternatives (SIM cards) are presented as 
follows: 


At: Airtel 
Az: Vodafone 
A3: BSNL 
Aa: Reliance Jio 
The person must take a decision based on the 
following five attributes of SIM cards: 
e C;: Service quality 
C2: Cost 
C3: Initial talk time 
C4: Call rate per second 
Cs: Internet and other facilities 
The decision-making strategy is presented using the fol- 
lowing steps. 


Step 1: Determine the relation between alternatives 
and attributes 


The relation between alternatives A1, A2, A3, and Aq 
and the attributes C1, C2, C3, C4, Cs is presented in the Eqn. 
(8). 


D[AIC,,C>,C3,C4,Cs5]= 


C C> C3 Cy Cs 
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Step 2: Determine the weights of attributes 


Using the Eq. (3) and (4), we calculate the weight of the 
attributes C1, C2, C3, C4, Cs as follows: 


[Wi, Wo, W3, Wa, Ws] = 
[0.2023, 0.1917, 0.2078, 0.2009, 0.1973] 
Step 3: Determine ideal solution 


In this problem, attributes Ci, C3, C4, Cs are benefit type 
attributes and , C2 is the cost type attribute. 


A* = {(0.8, 0.1, 0.1), (0.5, 0.4, 0.3), (0.8, 0.0, 0.1), (0.7, 
0.1, 0.0), (0.9, 0.1, 0.1)}. 


Step 4: Determine the weighted similarity values 


Using Eq. (2) and Eq. (8), we calculate similarity measure 
values for each alternative as follows. 


SVNWHSSM( A*, A,) = 0.92422 
SVNWHSSM( A*, A,) = 0.95629 


SVNWHSSM( A*, A3) = 0.97866 
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SVNWHSSM( A*, Ay) = 0.96795 


Step 5: Ranking the alternatives 


Ranking the alternatives is prepared based on the de- 
scending order of similarity measures (see Figure 1). Now 
the final ranking order will be as follows. 

A3 al A4 > Ao > Al 
Highest value indicates the best alternative. 


Step 6: End 


Al A2 A3 A4 


Alternatives 


e af e > 
B @ co o 
1 


Weighted similarity measure values 
° 
iv 





> 
oS 





FIGURE 1: Graphical representation of alternatives versus 
weighted similarity measures. 


7. Comparison analysis 


The ranking results calculated from proposed strategy and 
different existing strategies [38, 48, 49, 50] are furnished in 
Table 1. We observe that the ranking results obtained from 
proposed and existing strategies in the literature differ. 

The proposed strategy reflects that the optimal alternative 
is A3. The ranking result obtained from Ye [38] is similar 
to the proposed strategy. The ranking results obtained from 
Ye and Zhang [48] and Mondal and Pramanik [49] differ 
from the optimal result of the proposed strategy. In Ye 
[50], the ranking order differs but the best alternative is the 
same to the proposed strategy. 


Table 1 The ranking results of existing strategies 


Strategies Ranking results 
Ye and Zhang[48] Aa>Az2>A3>Ai 
Mondal and Pramanik [49] Ag>A3>A2>Ai 
Ye [38] A3>A4>A2>Ay 
Ye [50] A3>A2>A4>Ay 
Proposed strategy A3>Aqg>A2>A1 


8. Contributions of the proposed strategy 


1) SVNHSSM SVNWHSSM in SVNS 
environment are firstly defined in the literature. We 
have also proved their basic properties. 


and 


2) We have proposed ‘compromise function’ for cal- 
culating unknown weights structure of attributes in 
SVNS environment. 

3) We develop a decision making strategy based on 
the proposed weighted similarity measure 
(SVNWHSSM). 

4) Steps and calculations of the proposed strategy are 
easy to use. 

5) We have solved a numerical example to show the 
feasibility, applicability, and effectiveness of the 
proposed strategy. 


9. Conclusion 


In the paper, we have proposed hyperbolic sine similarity 
measure and weighted hyperbolic sine similarity measures 
for SVNSs and proved their basic properties. We have 
proposed compromise function to determine unknown 
weights of the attributes in SVNS environment. We have 
developed a novel MADM strategy based on the proposed 
weighted similarity measure to solve decision problems. 
We have solved a numerical problem and compared the 
obtained result with other existing strategies to demon- 
strate the effectiveness of the proposed MADM strategy. 
The proposed MADM strategy can be applied in other 
decision-making problem such as supplier selection, pat- 
tern recognition, cluster analysis, medical diagnosis, weav- 
er selection [51-53], fault diagnosis [54], brick selection 
[55-56], data mining [57], logistic centre location selection 
[58-60], teacher selection [61, 62], etc. 
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FIGURE 2: Phase diagram of the proposed decision making strategy 
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Abstract: Single valued neutrosophic set is an important math- 
ematical tool for tackling uncertainty in scientific and engineer- 
ing problems because it can handle situation involving indeter- 
minacy. In this research, we introduce new similarity measures 
for single valued neutrosophic sets based on binary logarithm 
function. We define two type of binary logarithm similarity 
measures and weighted binary logarithm similarity measures 
for single valued neutrosophic sets. Then we define hybrid 
binary logarithm similarity measure and weighted hybrid binary 
logarithm similarity measure for single valued neutrosophic 
sets. We prove the basic properties of the proposed measures. 


Then, we define a new entropy function for determining 
unknown attribute weights. We develop a novel multi attribute 
group decision making strategy for single valued neutrosophic 
sets based on the weighted hybrid binary logarithm similarity 
measure. We present an illustrative example to demonstrate the 
effectiveness of the proposed strategy. We conduct a sensitivity 
analysis of the developed strategy. We also present a 
comparison analysis between the obtained results from 
proposed strategy and different existing strategies in the 
literature. 


Keywords: single valued neutrosophic set; binary logarithm function; similarity measure; entropy function; ideal solution; 


MAGDM 


1 Introduction 


Smarandache [1] introduced neutrosophic sets (NSs) to 
pave the way to deal with problems involving uncertainty, 
indeterminacy and inconsistency. Wang et al. [2] grounded 
the concept of single valued neutrosophic sets (SVNSs), a 
subclass of NSs to tackle engineering and _ scientific 
problems. SVNSs have been applied to solve various 
problems in different fields such as medical problems [3— 
5], decision making problems [6-18], conflict resolution 
[19], social problems [20—21] engineering problems [22- 
23], image processing problems [24—26] and so on. 

The concept of similarity measure is very significant in 
studying almost every practical field. In the literature, few 
studies have addressed similarity measures for SNVSs 
[27-30]. Peng et al. [31] developed SVNSs based multi 
attribute decision making (MADM) strategy employing 
MABAC (Multi-Attributive Border Approximation area 
Comparison and similarity measure), TOPSIS (Technique 
for Order Preference by Similarity to an Ideal Solution) 
and a new similarity measure. 

Ye [32] proposed cosine similarity measure based 
neutrosophic multiple attribute decision making (MADM) 
strategy. In order to overcome some disadvantages in the 
definition of cosine similarity measure, Ye [33] proposed 


‘improved cosine similarity measures’ based on cosine 
function. Biswas et al. [34] studied cosine similarity 
measure based MCDM _ with trapezoidal fuzzy 
neutrosophic numbers. Pramanik and Mondal [35] 
proposed weighted fuzzy similarity measure based on 
tangent function. Mondal and Pramanik [36] proposed 
intuitionistic fuzzy similarity measure based on tangent 
function. Mondal and Pramanik [37] developed tangent 
similarity measure of SVNSs and applied it to MADM. 
Ye and Fu [38] studied medical diagnosis problem using a 
SVNSs similarity measure based on tangent function. Can 
and Ozguven [39] studied a MADM problem for adjusting 
the proportional-integral-derivative (PID) coefficients 
based on neutrosophic Hamming, Euclidean, set-theoretic, 
Dice, and Jaccard similarity measures. 

Several studies [40-42] have been reported in the literature 
for multi-attribute group decision making (MAGDM) in 
neutrosophic environment. Ye [43] studied the similarity 
measure based on distance function of SVNSs and applied 
it to MAGDM. Ye [44] developed several clustering 
methods using distance-based similarity measures for 
SVNSs. 
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Mondal et al. [45] proposed sine hyperbolic similarity 
measure for solving MADM problems. Mondal et al. [46] 
also proposed tangent similarity measure to deal with 
MADM problems for interval neutrosophic environment. 

Lu and Ye [47] proposed logarithmic similarity 
measure for interval valued fuzzy set [48] and applied it in 
fault diagnosis strategy. 


Research gap: 


MAGDM ésstrategy using similarity measure based on 
binary logarithm function under single valued neutrosophic 
environment is yet to appear. 


Research questions: 


e Is it possible to define a new similarity measure 
between single valued neutrosophic sets using binary 
logarithm function? 

e Is it possible to define a new entropy function for 
single valued neutrosophic sets for determining un- 
known attribute weights? 

e Is it possible to develop a new MAGDM strategy 
based on the proposed similarity measures in single 
valued neutrosophic environment? 


The objectives of the paper: 


e To define binary logarithm similarity measures for 
SVNS environment and prove the basic properties. 


e To define a new entropy function for determining 
unknown weight of attributes. 


e To develop a multi-attribute droup decision making 
model based on proposed similarity measures. 


e To present a numerical example for the efficiency 
and effectiveness of the proposed strategy. 


Having motivated from the above researches on 
neutrosophic similarity measures, we introduce the concept 
of binary logarithm similarity measures for SVNS 
environment. The properties of binary logarithm similarity 
measures are established. We also propose a new entropy 
function to determine unknown attribute weights. We 
develope a MAGDM strategy using the proposed hybrid 
binary logarithm similarity measures. The proposed 
similarity measure is applied toa MAGDM problem. 


The structure of the paper is as follows. Section 2 
presents basic concepts of NSs, operations on NSs, SVNSs 
and operations on SVNSs. Section 3 proposes binary 
logarithm similarity measures and weighted binary 
logarithm similarity measures, hybrid binary logarithm 
similarity measure (HBLSM), weighted hybrid binary 
logarithm similarity measure (WHBLSM) in SVNSs 


environment. Section 4 proposes a new entropy measure to 
calculate unknown attribute weights and proves basic 
properties of entropy function. Section 5 presents a 
MAGDM strategy based weighted hybrid binary logarithm 
similarity measure. Section 6 presents an_ illustrative 
example to demonstrate the applicability and feasibility of 
the proposed strategies. Section 7 presents a sensitivity 
analysis for the results of the numerical example. Section 8 
conducts a comparative analysis with the other existing 
strategies. Section 9 presents the key contribution of the 
paper. Section 10 summarizes the paper and discusses 
future scope of research. 


2 Preliminaries 


In this section, the concepts of NSs, SVNSs, operations on 
NSs and SVNSs and binary logarithm function are 
outlined. 


2.1 Neutrosophic set (NS) 


Assume that X be an universe of discourse. Then a 
neutrosophic sets [1] N can be defined as follows: 


N= {<x: Ty(x), In(x), Fn(x) >| xe X}. 


Here the functions T, J and F define respectively the 
membership degree, the indeterminacy degree, and the 
non-membership degree of the element x €X to the set N. 
The three functions T, J and F satisfy the following the 
conditions: 


e §7,1,F:X > ]0,1*[ 

e 0 <supTn(x) + supln( x) + supF(x) < 3* 

For two neutrosophic sets M = {< x: Ty (x), Iu(x), 
Fy(x) >| x €X} and N= {< x, Tnx), In), Fux) > |x eX 
}, the two relations are defined as follows: 

e MCN if and only if Tux) < Ty(x), Iu) = I(x), 

Fy(x ) = Fax) 
e M=N if and only if Tu(x) = Ty(x), I(x) = In(x), 
Fy(x) = F(x). 


2.2. Single valued Neutrosophic sets (SVNSs) 


Assume that X be an universe of discourse. A SVNS 
[2] P in X is formed by a truth-membership function Tp(x), 
an indeterminacy membership function Jp(x), and a falsity 
membership function Fp(x). For each point x in X, Tp(x), 
Ip(x), and F(x) € [0, 1]. 

For continuous case, a SVNS P can be expressed as 
follows: 


<Tp@), Te), Fe) > . 
Xx 


P=f. eX 





r) 
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For discrete case, a SVNS P can be expressed as 
follows: 


P= 5 <P Qi) TeX) FeO) > x; 
i=l x; 


For two SVNSs P= {< x: Tp(x), Ip(x), Fp(x)> |x € X} 
and O= {< x: To(x), Io(x), Fo(x)> |x eX}, some definitions 
are stated below: 

e PcQ if and only if Tp(x) < To(), Ip) = To(x), and 
F(x) 2 Fo(x). 

e P2>Q if and only if Tp(x) = ToC), Ip) < Io(x), and 
F(x) = Fo(x). 

e P=Qifand only if Tp(x) = To(x), p(x) = Io(x), 
and F p(x) = Fo(x) for any xeX. 

e Complement of P i.e. P° ={< x: Fp(x), 1— Ip(x), 
Tr(x)>1xeEX }. 


x 





2.3. Some arithmetic operations on SVNSs 


Definition 1 [49] 
Let P = (T p(x), I p(x), F p(x)) and Q = (To. I o(x), F o()) be 


any two SVNSs in a universe of discourse then arithmetic 
operations are stated as follows. 

T p(x) + To(x) — T pO) o(), I p(x) I g(x), 
‘ PeOe Soren PO)T Q(X), I pla 
Sie ae 1 (x) + [o(x) — Tp(x)I (2), 
F p(x) + F(x) — F pF of) 


° aP =(-( -T p(x)"), (1 p(x))*, (F pio)” ) a>0 


© (P)* =(€ 9)" 1-(-1,69"} 1-(-F 9") a >0 
2.4. Binary logarithm function 


In mathematics, the logarithm of the form log." , x > 0 is 
called binary logarithm function [50]. For example, the 
binary logarithm of 1 is 0, the binary logarithm of 4 is 2, 
the binary logarithm of 16 is 4, and the binary logarithm 
of 64 is 6. 


3. Binary 
SVNSs 


logarithm similarity measures for 


In this section, we define two types of binary logarithm 
similarity measures and their hybrid and weighted hybrid 
similarity measures. 


3.1. Binary logarithm similarity measures of SVNSs 
(type-I) 

Definition 2. Let A = <x(Ta(xi), Ip(x), Fr(xi))> and B = 
<x(Ta(xi), [e(xi), Fa(xi))> be any two SVNSs. The binary 
logarithm similarity measure (type-I) between SVNSs A 
and B are defined as follows: 





BL\(A, B) = 
z T,(x;)-Tp (x; )) + |L,(x;) — 1g ;) 
Spe asia + [Ea a(%) 
ne 3 +|F (4) — Fy (x,)| 
(1) 
Theorem 1. The _ binary logarithm _ similarity 


measure BL;(A,B) between any two SVNSs A and B 
satisfy the following properties: 

Pl. 0<BL,(A,B) <1 

P2. BL,(A, B)=1, if and only ifA=B 

P3. BL,(A, B) = BLi(B, A) 

P4. If C is a SVNS in X and ACBCC then 
BL\(A,C) < BL:(A,B) and BL) (A,C) < BL(B,C). 


Proof 1. 


From the definition of SVNS, we write, 
0 < Tax) + n(x) + Fa(x) <3 and 

0 < Ta(x) + Ip(x) + F(x) <3 

> 

O< |T,(,) -Tp(x;)|+ |, — Ip @;)) 





+|F,(x;) — Fy (,)|S3, 


|s 








T,(%;) — Ip (%;) 





> 


IT, (4) -Tp()) 
O< max 
[Fi (x,) — Fy (%,) 





=> 0<BL,(A,B) <1. 


Proof 2. 

For any two SVNSs A and B, 

A=B 

> Ta(x) = Tp(x), I(x) = Ip(x), F(x) = F(x) 

= raQ)-Ta(0)|=0,|ra@-I5@=0, 
IF (x) — Fg(a)|=0 

=> BL{(A,B) =1. 





Conversely, 
for BL; (A, B) =1, we have, 
> 74%) —T p(x) =0, a — Ip (x)| =O; 
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|Fa(X)- Fa(0)|=0 
=> TAX) =T3(X), TA) =I (%), Fa) = Fa (*) 
> A=B. 
Proof 3. 
We have, 
ra@)=Te@l=ts@)-Ta@ 
60 — Ie O]= [In -14) 
[Fs - Fe(X)|=|Fa() — Fa) 
=> BL{(A, B) = BL (B, A). 





r) 


r) 





Proof 4. 


For AC BCC, we have, 

Ta(x) < Ta(x) < T(x), La(x) = Ip(x) = Ic(x), 
F4(x) > Fp(x) > Fc(x) for xeX. 

= |Ta(x)-Ta@)|S|Pa@-Tc(x) 
T(x) -Te(*)|S|Pa@) -Tc(): 
Ta(X)—Ia0)|S$|faQ) - Tce) 
Te(X)—Ic(®)|S$|IaQ) Ic); 
Fa()—Fs0|S|Fa)- FeQ), 

F(X) - Fc)|S$|Fa@)— Fc). 

= BLi(A,C) <BLi(A,B) and BL) (A,C) SBLi (B,C). 





? 





c) 











3.2. Binary logarithm similarity measures of SVNSs ( 
type-II 

Definition 3. [51] Let A = <x(Ta(xi), Ip(xi), Fp(xi))> and B 
= <x(Ta(xi), [p(xi), Fa(xi))> be any two SVNSs. The binary 
logarithm similarity measure (type-II) between SVNSs A 
and B are defined as follows: 


BL2(A, B) = 
Theorem 2. The binary logarithm _ similarity 
measure BL »(A, B) between any two SVNSs A and B 








T,(x%;) -I,(x,;) 





> 


lx IT, (x,) —T, (x) 
pi a ee 


satisfy the following properties: 


Pl. 0 <BL,(A,B) <1 

P2. BL2(A, B)=1, if and only if A =B 

P3. BL2(A, B) = BL2(B, A) 

P4. If C is a SVNS in X and ACBCC then 


BL2(A,C) < BL2(A, B) and BL2(A, C) < BL2(B, C) . 


Proof. 
Proofs of the properties are shown in [51]. 


3.3. Weighted binary logarithm similarity measures of 
SVNSs for type-I 


Definition 4. Let A = <x(T4(xi), Ip(xi), Fp(xi))> and 

B= <x(Ta(x)), [p(xi), Fa(xi))> be any two SVNSs. Then the 
weighted binary logarithm similarity measure for type-I 
between SVNSs A and B are defined as follows: 


BLi (A, B) = 
(3) 





Dw, log, 


i=l 


rae: [T, (;)-T, &)|+ [Ly &,) -1, &;) 
3\ +|F,(x,)-Fy(x;) 





Here, 0 < w,< land w,=1. 


i=l 
Theorem 3. The weighted binary logarithm similarity 
measures BLj’(A,B) between SVNSs A and B satisfy the 


following properties: 

Pl. O<BL}’(A, B)<1 

P2. BLI’(A, B)=1, if and only if A =B 

P3. BL} (A, B) = BL}'(, A) 

P4. If C is a SVNS in X and ACBCC, 
BL}(A,C) <BL/’(A, B) and BL}’(A,C) <BL/’(B,C) ; 


Lwi=l 


then 


Proof 1. 


> 








T,(x;) —L_(%;) 





From the definition of SVNSs A and B, we write, 
0 < Tax) + a(x) + Fax) <3 and 
P.%) - Tp) 
=> O< max <1 
|F, (x) — Fy (x) 


0 < Ta(x) + Ia x) + Fax) <3 
=> O< |, (x,)-Ty(%)|+[P.) — Ie @)|+|F @) — Fa @)8 3, 








=> 0<BL"(A,B)<1. since, Yw;=1. 
i=l 
Proof 2. 


For any two SVNSs A and B if A = B, then we have, 
Ta(x) = Tp(x), a(x) = Ip(x), Fa(x) = Fa(x) 
> 74) -T(x)| =0, |Z4(%) —15(x)| =0, 


F(X) - F2(x)| =0 
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=> BL}’(A,B) =1, (t= 1, 2), since Zw 
Conversely, 

For BL)’ (A, B) =1, then we have, 

= [ra(x)-Ts(*|=0, a) -I6(@|=0, 


|Fs() — Fe (x) =0 
> TaAlX)=Te(%), 14(%) =I e(4), Fa(X) = Fa(x) 








=> A=B, since ei 


i=l 
Proof 3. 
For any two SVNSs A and B, we have, 
irs (x)-Tp (x) = ITs (x) -Ta(a) 
74) — Ip (x)| = 72 (x) —Ia(x) 
F(X) = F,(x)| = |Fe(x) = Fa(a)| 
=> BL}(A,B) = BL}’(B,A) for. 





r) 





> 


Proof 4. 

For AC BCC, we have, 

Ta(x) < Ta(x) < Tc(x), I(x) = Ip(x) = Ic(x), 
F(x) > F p(x) > Fc(x) for x eX. 

= Pa(2)- Ts] S|Pa@-Te()J., 
T2(2)- T(x) SPs —-Te(a): 

Ta) — 1505 [Ia — Ie) 
Ta(X)-Ic(x)|<|L4()- Ic) : 
Fal) — Fa) <|FaQ)- Fe(x), 

F x(x) - Fc(x)| $|Fa@) - Fc). 

=> BL}'(A,C) <BL}'(A,B) and BL}"(A,C) < BL}'(B,C) 


since Sj w=l. 





r) 








3.4. Weighted binary logarithm similarity measures of 
SVNSs for type-II 


Definition 5. [51] Let A = <x(T4(xi), Ip(xi), Fp(xi))> and 
B= <x(Ta(xi), [n(xi), Fa(xi))> be any two SVNSs. Then the 
weighted binary logarithm similarity measure (type-II 
between SVNSs A and B is defined as follows: 


BL2 (A, B) = 





a IT, (x;) —T,(x;) > 
y™, log ,| 2— max 
i=l [F,(,) — Fa (x;) 


(4) 








T,(x;) —T,(%;) 


) 





Here, 0< w,S land ¥ w,=1. 
i=l 


Proof. 
For proof, see [51]. 


3.3. Hybrid binary logarithm similarity measures 
(HBLSM) for SVNSs 


Definition 6. Let A = <x(Ta(xi), Ip(xi), Fr(xi))> and B = 
<x(Ta(xi), [p(xi), Fa(xi))> be any two SVNSs. The hybrid 
binary logarithm similarity measure between SVNSs A and 
B is defined as follows: 


BL ays (A, B ) = 


; 7, (x;) -T,(x;) 
dy >. og,| 2- : + |) - T(x) 
iz +|F4(4,) — Fy (x) 








[— 


(5) 


~) 


* 7, (x;) -T,(;)} 
re r)> bog, 2—max) |I,(x,) - 1px) 


S FG) — Fal) | 











Here,O<A<1. 
Theorem 4. The hybrid binary logarithm similarity 
measure BL (A, B) between any two SVNSs A and B 


satisfy the following properties: 
Pl. O<BL,,,(A, B) <1 
P2. BLay (A, B)=1, if and only if A = B 
P3. BLiys (A, B) = BLays (B, A) 
P4. If CisaSVNS in X and AC BCC then 
BL mo (A, C) S$ BL ays (A, B) 
and BL py, (AC) < BL ny, (B,C) . 


Proof 1. 


From the definition of SVNS, we write, 
0 < Ta(x)+ Ia x)+ Fa(x) <3 and 
0 < Ta(x) + Ia(x) + Fax) <3 
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T,%,) - Te Db Es (%) — Lah 
=> O< max < 
[F,(,) — Fe (x,)| 
Os P44) -—Te(%)| + [24 — 12 )| ; 
+|F,(,) — Fy(x,)|<3 , 
=> 0<BL,,,(A,B) <1. 


Proof 2. 
For any two SVNSs A and B, 


for A = B, we have, 

=> T(x) = Tax), Lax) = Tnx), Fa(x) = Fa(x) 
> r(x) -T(x)| =0,|24() —15(x)| =0, 
[F.s(x) — Fa) =0 

> BL (A,B) =1. 





Conversely, 

for BL» (A, B) =1, we have, 

ra) -Ta(*)|=0, |r4@)—Ie@=0, 
|FaQO— Fa(0)|=0 


=> TAQ) =T p(X), [4(*%) = 1g(%), Fal) = Fp(X) 
> A=B. 





Proof 3. 


For any two SVNSs A and B, we have, 
ra —Ta(0|=|Pa(X)-Ta) 
74) - 122) =|F2@ —- 14) 
[Fa — Fa(2)| =|Fo(2) - Fao) 
=> BL yy (A, B) =BL ayy (B, A). 





r) 





> 


Proof 4. 

For AC BCC, we have, 

T(x) $ Ta(x) $ Tc(x), a(x) 2 Ia() 2 Ic(x), 
F(x) 2 F p(x) 2 F(x) for xe X. 

= Ia) -Ta()|< Pa) Te), 
P(X) -Te(0|<|Pa(®)- Te) 
TA) = 190] S [ta — Te), 
To(X) — Ie (0) < ta) Ie): 
F a(x) — F2(x)| s |Fa(x) = Fc(x)| F 
Fax) - Fel] <|FaQ) - Fe(a), 
=> BL aw (A,C) $BLny, (A, B) 





> 








and BL ny» (A,C) < BL ny, (B,C) . 


3.4. Weighted hybrid binary logarithm similarity 
measures (WHBLSM) for SVNSs 


Definition 7. Let A = <x(Ta(xi), Ip(xi), Fr(xi))> and B = 
<x(Ta(xi),  Ip(xi), Fa(xi))> be any two SVNSs. The 
weighted hybrid binary logarithm similarity measure 
between SVNSs A and B is defined as follows: 


BL wn (A, B)= 
IT, (x;) -T, (x;) 


“ 1 
wy yw, log , 2- 3 F E,(4,) -1,G;)| 
a +|F,(4,)-F,@;) 








(6) 


. IT, (3;) —T, (x), 
+-a) > w, log] 2—max| |,,(x,)— I(x) 


- Fy (x,) — Fy (%,) 





> 














Here,O<A <1. 


Theorem 5. The weighted hybrid binary logarithm 
similarity measure BL ,.x,,(A,B) between any two SVNSs 


A and B satisfy the following properties: 

Pl. 0 SBL np (A, B) <1 

P2. Bly (A, B)=1, if and only if A = B 

P3. BL ways (A, B) = BL ways (Bs A) 

P4. If C is a SVNS in X and ACBCC, 
then BL wy, (A,C) SBL wayn (A, B) 

and BL ways (A,C) S BL wy (B,C). 


Proof 1. 


From the definition of SVNS, we write, 
0 < Ta(x)+ I x)+ Fa(x) <3 and 
0 < Tax) + Ip(x) + F(x) <3 


74%) -Te) 
=> O< max 
[F,(%,) — Fy (x,)| 
Os [P,%) -Ty)]+ La) — 5) 
+|F,(x,) - F,(x;)|$3 , 
=> 0SBL,,,,(A,B) <1. 
Proof 2. 











T(x) —T,(%;) 


> > 








For any two SVNSs A and B, 
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for A = B, we have, 

=> Tax) = Tax), La) = In(x), Fax) = Fa(x) 
= {ra(x)-Ts(2)|=0,|24@)- In| =0 
|Fs() — Fa) =0 

=> BL wy (A, B) =1. 





Conversely, 
for BL wn» (A, B) =1, we have, 

ra) —T (|=, |P4(2)— In| =0 

Fa — Fa()|= 

=> TAQ) =Ta(X), 1a(X) = In (%), Fa) = F(X) 
>A=B. 
Proof 3. 
For any two SVNSs A and B, we have, 

rs() -T2(*)|=|Pa()-T 
740) -Te@)|=|22@)- 14 
Fa) — Fe(20| =|Fo(x)- Fa] 
=> BLunyo (A,B) =BL wry (B, A) - 
Proof 4. 











For AC BCC, we have, 
Ta(x) < Ta(x) < Tc(x), [a(x) = Ip(x) = I(x), 
F4(x) > F p(x) > Fc(x) for all xe X. 


=> |ra(®)-Ts@)|S|P4@)-Tc 
Ts(X)—-Te(x)|<|PaO—-T ea): 
146) - 152) Sta - Ie), 
Te(X)—Ic(O|S|Ia@)-Ic 
F a(x) - Fe(0)|< 
F(x) - Fc(*)|$|Fa() - Fo(). 
=> Blan (A,C) BL way (A, B) and 
BL wy (A.C) SBL win (BC). 














4. Anew entropy measure for SVNSs 


Entropy strategy [52] is an important contribution for 
determining indeterminate information. Zhang ef al. [53] 
introduced the fuzzy entropy. Vlachos and Sergiadis [54] 
proposed entropy function for intuitionistic fuzzy sets. 
Majumder and Samanta [55] developed some entropy 
measures SVNSs. When attribute weights are 
completely unknown to decision makers, the entropy 
measure is used to calculate attribute weights. In this 


for 


paper, we define an entropy measure for determining 


unknown attribute weights. 


of a SVNS P 


Definition 8. The entropy function 


=(TE@T@OFI@)G= 1, 2.0m j= 1) 2. B) is 

defined as follows: 
| (re P P(x)” 
E(P)=1-— Slr (x) + FPO MI-212 0) (7) 
1-£; (P) 

=e 8 
WEEP) “ 
Here, S w= 1 

j=l 


Theorem 6. The entropy function £ jP) satisfies the 
following properties: 

Pl EPs 05 Teal Fal a0 

P2. E,(P)=1, if (Ty sip F;) = (0.5, 0.5, 0.5). 

P3. £,(P)2E;(Q), if Ti+ Fi STP + G3 Tj 215 - 


P4. E(P)=E,(P*). 
Proof 1. 
1 n 
= E(P)= 1--S[(1+0)=1-"=0 
N i=l n 
Proof 2. 


(Tj +i» Fy) = (0.5, 0.5, 0.5). 

— E(P)= 1-+$[(0.5+05)x0}-1-0-1 
Proof 3. 

Ti+ Fi ST§+ F§ > Tj 21h 

Zs D(rj+ Fill airy <3(r?+ Fe) 212) 


1S (re + pthony < “$(r9+ Ff \i-279) 


nia 
=1-<S(rh+ Fe art) 21-—S(r9+ Fgh 212) 
= E\(P)>E \Q). 
Proof 4. 

Since (Ty .Jij. Fiy)°= (Fi »1— Ii Ty) » we have 
E (P)=E (P*). 
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5. MAGDM strategy based on weighted hybrid bi- 
nary logarithm similarity measure for SVNSs 


Assume that (P1, Po, ..., Pm) be the alternatives, (C1, Co, ..., 
Cy) be the attributes of each alternative, and {Dj, Dn, ..., 
D,} be the decision makers. Decision makers provide the 
rating of alternatives based on the predefined attribute. 
Each decision maker constructs a neutrosophic decision 
matrix associated with the alternatives based on each at- 
tribute shown in Equation (9). Using the following steps, 
we present the MAGDM strategy (see figure 1) based on 
weighted hybrid binary logarithm similarity measure 
(WHBLSM). 


Step 1: Determine the relation between the alternatives 
and the attributes 


At first, each decision maker prepares decision matrix. The 
relation between alternatives P; (i = 1, 2, ..., m) and the at- 
tribute C; G = 1, 2, ..., n) corresponding to each decision 
maker is presented in the Equation (9). 


D,[P|C]= 


C, C, ie c. 

p,| (rir. ibe, rhe) (Br, Br. FBr) > (rPr “1b, FPP) 

P,| (ror, tat. Far) (Te. 1B. Fe) (rit. Bs. Fat) 
) 


ete a 
(9) 


P, (Pats TPES BEE): (eRe TPs os) 


Here, (1? re FP) G= ty 2, 05 mm j= 1, 2, 2.4 1) is: the 


single valued neutrosophic rating value of the alternative Pj 
with respect to the attribute Cj corresponding to the deci- 
sion maker D,. 


Step 2: Determine the core decision matrix 


We form a new decision matrix, called core decision 
matrix to combine all the decision maker’s opinions into a 
group opinion. Core decision matrix minimizes the 
biasness which is imposed by different decision makers 
and hence credibility to the final decision increases. The 
core decision matrix is presented in Equation (10). 


D[P|IC]= 




















C C) re ren 
; Dt 7Dr Pr Di yPt. Pr 2 Di 7Pt. Pr 
OT li Fiv) Ori Fy OT li Fir 
P, t=1 t=1 wt 
r r r 
¥. r r 
@(rh Pte Rt)  @(rPt.12t FP) @(rPt ht, Fr) 
P, t=1 t=1 wf 
, r r ' r 
r r - 
@(rh pt Fht) @(rPt 12h Fe) @(rPt Pt, FPr) 
P t=1 t=1 we. fel 
m 
r r r 
(10) 


Step 3: Determine the ideal solution 


The evaluation of attributes can be categorized into benefit 
attribute and cost attribute. An ideal alternative can be de- 
termined by using a maximum operator for the benefit at- 
tributes and a minimum operator for the cost attributes for 
determining the best value of each attribute among all the 
alternatives. An ideal alternative [42] is presented as fol- 
lows: 


P*¥ = {Ci*, Co*, ... , Cm*}. 


where the benefit attribute is 


G2 (maxrre,"? min 1"? sin Fc," ) (11) 
I I U 

and the cost attribute is 

cj=(minr, (??maxi¢"? max F¢ ay (12) 
t LT U 


Step 4: Determine the attribute weights 
Using Equation (8), determine the weights of the attribute. 
Step 5: Determine the WHBLSM values 


Using Equation (6), calculate the weighted similarity 
measures for each alternative. 


Step 6: Ranking the priority 


All the alternatives are preference ranked based on the de- 
creasing order of calculated measure values. The highest 
value reflects the best alternative. 


Step 7: End. 


6. An illustrative example 


Suppose that a state government wants to construct an eco- 
tourism park for the development of state tourism and 
especially for mental refreshment of children. After initial 
screening, three potential spots namely, spot-1 (P1), spot-2 
(P2), and spot-3 (P3) remain for further selection. A team 
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of three decision makers, namely, D1, D2, and D3 has been 
constructed for selecting the most suitable spot with 
respect to the following attributes. 
Ecology (C1), 
Costs (C2), 

e Technical facility (C3), 

e Transport (C4), 

e Risk factors (Cs) 

The steps of decision-making strategy to select the 
best potential spot to construct an eco-tourism park based 
on the proposed strategy are stated below: 


6.1. Steps of MAGDM strategy 


We present MAGDM strategy based on the proposed 
WHBLSM using the following steps. 


Step 1: Determine the relation between alternatives and 
attributes 

The relation between alternatives P;, P2 and P3 and the at- 

tribute set {Ci, Co, C3, Ca, Cs} corresponding to the set of 

decision makers {Di, D2, D3} are presented in Equations 

(13), (14), and (15). 


D3[P|C] = 
GC G C3 G c 
0.7,\ /08,\ /0.6,\ /0.7,\  /0.5, 
Pp (04,) (02,) (03) (02,} (06, 
0.3 0.1 0.3 0,5 0.5 
0.6,\ /05,\ /0.7,\ /0.5,\ /0.3, (15) 
P, (02,) (01) (04) (03) (04, 
0.3 0.3 0.4 0.4 0.4 
0.6,\ /06,\ /0.5,\ /0.7,\ /0.5, 
P, (02,) (04) (03,) (04) (06, 
0.3 0.2 0.3 0.2 0.4 





Step 2: Determine the core decision matrix 





Using Equation (10), we construct the core decision matrix 
for all decision makers shown in Equation (16). 





DPIC] 
C Cy C3 Ci Cs 
0.984,\ /0.988,\  /0.989,\_/0.956,\—_/0.961, 
P (0324) (0324) (0184) (0.203 ) (0.452, 
0.332 0.232 0.184 0.219 0.219 
0.938,\ /0.956,\ /0.979,\ _/0.989,\ 0.908, 
P, (0.292) (0.162, ) (0.292,) (0304) (0.232, 
0.420 0.395 0.292 0.334 0.404 / | (16) 
0.949,\ /0.994,\_ /0.956,\_ /o.984,\_— /0.984, 
P,; (0.203) (0.203) (0.334) (0.255, ) (0.420, 
0.359 0.232 0.334 0.203 0.255 














DPIC] = 
C, G; c; G C, 
0.7,\ /0.7,\ /o.8,\ /0.7,\ /0.6, 
p (04) (04) (01) (02,) (05, 
0.4 0.3 0.1 0,1 0.5 
04,\ /o0.5,\ /0.6,\ /0.7,\ /0.4, (13) 
P, (03,) (02,) (02,) (03,) (03, 
0.6 0.5 0.2 0.3 0.4 
04,\  /08,\ /0.5,\ /0.5,\ /0.7, 
P, (02,) (01) (04) (02,) (03, 
0.3 0.3 0.4 0.2 0.2 
D2[P|1C]= 
CG co C C C. 
0.5,\ /0.7,\ /0.8,\ /0.5,\ — /0.5, 
Pel f 09.) 104 i 08,4. VOD. |. EOS 
0.3 0.4 0.2 0,2 0.4 
0.5,\ /05,\ /0.5,\ /0.8,\— /0.4, (14) 
P, (04,) (02,) (03,) (03) (0.1, 
0.4 0.4 0.3 0.3 0.4 
04,\ /o8,\ /0.5,\ /0.7,\ /0.7, 
P, (02,) (02,) (03,) (02,) (04, 
0.5 0.2 0.3 0.2 0.2 





Step 3: Determine the ideal solution 


Here, C3 and C4 denote benefit attributes and C1, C2 and Cs 
denote cost attributes. Using Equations (11) and (12), we 
calculate the ideal solutions as follows: 


(0.938, 0.324, 0.420), (0.956, 0.324, 0.395), 


P*=) (0.989,0.184,0.184), (0.989, 0.203, 0.203), 
(0.908, 0.452, 0.404) 


Step 4: Determine the attribute weights 


Using Equation (8), we calculate the attribute weights as 
follows: 
[wi, W2, W3, Wa, Ws] = 


[0.1680, 0.3300, 0.2285, 0.2485, 0.0250] 


Step 5: Determine the weighted hybrid binary logarithm 
similarity measures 


Using Equation (6), we calculate similarity values for 
alternatives shown in Table 1. 
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Step 6: Ranking the alternatives 


Ranking order of alternatives is prepared as the descending 
order of similarity values. Highest value indicates the best 
alternative. Ranking results are shown in Table | for dif- 
ferent values of 2. 


Step 7. End. 


7. Sensitivity analysis 


In this section, we discuss the variation of ranking results 
(see Table 1) for different values of 4. From the results 
shown in Tables 1, we observe that the proposed strategy 
provides the same ranking order for different values of 2. 


8. Comparison analysis 


In this section, we solve the problem with different 
existing strategies [33, 37, 38, 56]. Outcomes are furnished 
in the Table 2 and figure 2. 


9. Contributions of the proposed sirategy 


> We propose two types of binary logarithm similarity 
measures and their hybrid similarity measure for 
SVNS environment. We have proved their basic 
propetties. 

> To calculate unknown weights structure of attributes 
in SVNS environment, we have proposed a new en- 
tropy function. 

> We develop a decision making strategy based on the 
proposed weighted hybrid binary logarithm similarity 
measure (WHBLSM). 

> We have solved a illustrative example to show the 
feasibility, applicability, and effectiveness of the 
proposed strategy. 


10. Conclusion 


Conclusions in the paper are concise as follows: 


1. We have proposed hybrid binary logarithm similarity 
measure and weighted hybrid binary logarithm 
similarity measure for dealing indeterminacy in 
decision making situation. 

2. We have defined a new entropy function to determine 
unknown attribute weights. 

3. We have developed a new MAGDM strategy based 
on the proposed weighted hybrid binary logarithm 
similarity measure. 

4. We have presented a numerical example to illustrate 
the proposed strategy. 

5. We have conducted a sensitivity analysis 

6. We have presented comparative analyses between the 
obtained results from the proposed strategies and 
different existing strategies in the literature. The 
proposed weighted hybrid binary logarithm similarity 
measure can be applied to solve MAGDM problems 
in clustering analysis, pattern recognition, personnel 
selection, etc. 

7. Future research can be continued to investigate the 
proposed similarity measures in neutrosophic hybrid 
environment for tackling uncertainty, inconsistency 
and indeterminacy in decision making. The concept 
of the paper can be applied in practical decision- 
making, supply chain management, data mining, clus- 
ter analysis, teacher selection etc. 


Table 1 Ranking order for different values of 1. 





Similarity (Xr) Measure values Ranking 
measures order 

BLuxye(P*.P)) 0.10 = BL way (P*,P1)=0.9426; BLyayp(P*,P2)=0.9233; BLwayp(P*,P3)=0.9101 Pi>+ Po> P3 
BLunyo(P*.Pi) 0.25. BLwayp(P*,P1)=0.9479; BL wayp (P*,P2)=0.9296; BL wip (P*, P3)=0.9153 P\> Po> P3 
BLways (P*. Pi) 0.40 BLy Hyp (P*, Py) =0.9532; BL wayp (P*,P2)=0.9357 ; BL wHyp(P*, P3)=0.9207 P\>Po>P3 
BLwryy (P*. Pi) 0.55 BL yxy (P*, Pp) =0.9585; BL wayp (P*,P2)=0.9419; BLwzyp (P*, P3)=0.9260 P\> Po> P3 
BLwryy (P*. Pi) 0.70 BLwayp(P*, P1)=0.9638; BL wry (P*, P2) =0.9482; BL way (P*, P3)=0.9313 P\>Po>P3 
Blue (P*.Pi) 0.90 BL wayo(P*..P1)=0.9708; BL yyy (P*,P2)=0.9565 ; BL wip (P*, P3) =0.9384 P\> P2> P3 
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Table 2 Ranking order for different existing strategies 





Similarity measures Measure values for P;, P2 and P3 Ranking order 
Mondal and Pramanik [37] 0.8901, 0.8679, 0.8093 Pi>P2> P3 
Ye [33] 0.8409, 0.8189, 0.7766 Pi> P2> P3 
Biswas et al. [56] (A=0.55) 0.9511, 0.9219, 0.9007 Pi>P2> P3 
Ye and Fu [38] 0.9161, 0.8758, 0.7900 P\>P2> P3 
Proposed strategy (A=0.55) 0.9585, 0.9419, 0.9260 Pi> P2> P3 


WHBLSM based decision making strategy 
eel Decision making analysis phase 


Determination of the relation between 
alternatives and attributes 


z= 





| Determine the attribute weights < 


NY _ = — on 
— 
T 


Calculate the WHBLSM values 
Ranking the alternatives <_< > 





Fig. 1: Decision making phases of the proposed approach 
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Fig. 2: Ranking order of different strategies 
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Abstract: Saeid and Jun introduced the notion of neutrosophic 
points, and studied neutrosophic subalgebras of several types in 
BCK/BC1-algebras by using the notion of neutrosophic points 
(see [4] and [6]). More general form of neutrosophic points is consid- 
ered in this paper, and generalizations of Saeid and Jun’s results are 


discussed. The concepts of (€, € Va(kep kr ke) )-neutrosophic sub- 
algebra, (Q(k,k;,kp)> © V4(kp,ky,kp))-neutrosophic subalge- 
bra and (€, kp. kp ke) )-neutrosophic subalgebra are introduced, 
and several properties are investigated. Characterizations of (€, 
E VQ(kr kr kr) )-neutrosophic subalgebra are discussed. 


Keywords: (€, € Vd(kp,k,,k p) )“neutrosophic subalgebra; (Ukr .ky,kp)? € Vd(k-p ky kp) )heutrosophic subalgebra; (€, (kp ky kp) )“heutrosophic sub- 


algebra. 


1 Introduction 


As a generalization of fuzzy sets, Atanassov [1] introduced the 
degree of nonmembership/falsehood (f) in 1986 and defined the 
intuitionistic fuzzy set. As a more general platform which ex- 
tends the notions of the classic set and fuzzy set, intuitionistic 
fuzzy set and interval valued (intuitionistic) fuzzy set, Smaran- 
dache introduced the notion of neutrosophic sets (see [7, 8]), 
which is useful mathematical tool for dealing with incomplete, 
inconsistent and indeterminate information. For further particu- 
lars on neutrosophic set theory, we refer the readers to the site 


http://fs. gallup.unm.edu/FlorentinSmarandache.htm 


Jun [4] introduced the notion of (®, W)-neutrosophic subalgebra 
of a BCK/BCI-algebra X for 6, U € {€, g, € V q}, and in- 
vestigated related properties. He provided characterizations of an 
(€, €)-neutrosophic subalgebra and an (€, € V q)-neutrosophic 
subalgebra, and considered conditions for a neutrosophic set to 
be a (g, € V q)-neutrosophic subalgebra. Saeid and Jun [6] gave 
relations between an (€, € V q)-neutrosophic subalgebra and a 
(q, € V q)-neutrosophic subalgebra, and investigated properties 
on neutrosophic g-subsets and neutrosophic € V q-subsets. 

The purpose of this article is to give an algebraic tool of neu- 
trosophic set theory which can be used in applied sciences, for 
example, decision making problems, medical sciences etc. We 
consider a general form of neutrosophic points, and then we 
discuss generalizations of the papers [4] and [6]. As a gen- 
eralization of (€, € V q)-neutrosophic subalgebras, we intro- 
duce the notions of (€, © Vq(k7,47,k-) )-neutrosophic subalgebra, 
and (€, Qk7,k7,k-))-neutrosophic subalgebra in BC K/BCI- 
algebras, and investigate several properties. We discuss charac- 


terizations of (€, € Vq(k-7,k;,kp) )-neutrosophic subalgebra. We 
consider relations between (€, €)-neutrosophic subalgebra, (€, 
Ukr kr,kr) neutrosophic subalgebra and (€, € VO Gear ex) 
neutrosophic subalgebra. 


2 Preliminaries 


By a BCT-algebra, we mean a set X with a binary operation * 
and the special element 0 satisfying the conditions (see [3, 5]): 


(al) (Va,y,2 © X)(((a *y) * (a * z)) *(z*y) = 0), 
(a2) (Va,y © X)((x * (a x y)) *y = 0), 

(a3) (V~eE X)(a*xx =0), 

(a4) (Va,y € X)(a@ xy 
Ifa BCI-algebra X satisfies the axiom 
(a5) Ox x = O forall x € X, 


then we say that X is a BC K-algebra (see [3, 5]). A nonempty 
subset S' of a BCK/BCT-algebra X is called a subalgebra of X 
(see [3, 5])ifaxy € S forall z,y € S. 

The collection of all BC K-algebras and all BC'I-algebras are 
denoted by Bx (X) and 67(X), respectively. Also B(X) := 
Br(X) U Br(X). 

We refer the reader to the books [3] and [5] for further infor- 
mation regarding BC kK / BC I-algebras. 

Let X be a non-empty set. A neutrosophic set (NS) in X (see 
[7]) is a structure of the form: 








yxx=0 L=y). 


A:= {(z; Ar(x), Ar(x), Ar(2)) |  € X} (2.1) 
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where Ary, A; and Ag are a truth membership function, an inde- 
terminate membership function and a false membership function, 
respectively, from X into the unit interval [0,1]. The neutro- 
sophic set (2.1) will be denoted by A = (Az, Ary, Ar). 


Given a neutrosophic set A = (Ary, Ay, Ar) inaset X,a,6 € 
(0, 1] and y € [0, 1), we consider the following sets (see [4]): 


Te(A;a) := {x € X | Ar(x) > 
Te(A; 8) = {x € X | Ar(x) > B}, 
Fe(A;y) = {x € X | Ar(z) < 
T,(A;a) :={x# eX | Ar(x)+a> 1}, 

I,(A; 8) = {xe X | Ar(z) +8 > 1}, 

F(A;7) = {2 € X | Ap(z) +7 < 1}, 

Tey q(A;a) := {x € X | Ar(x) > aor Ar(x) + a> 1}, 
Tey q(A; 8) = {x € X | Ar(x) > Bor Ar(z) + 6 > YY, 
Fey q(Ajy) := {@ € X | Ar(z) < yor Ar(#) +7 < 1}. 








We say Te(A;a), Ie (A; 8) and Fe(A;¥) are neutrosophic 
€-subsets, T,(A; a), Ig(A; 8) and F(A; 7) are neutrosophic q- 
subsets; and Tey q(A;a@), Tey q(A; 8) and Fey q(A; 7) are neu- 
trosophic € \V q-subsets. It is clear that 


Tey q(A; a) = Te (A; a) UT, (A; a), (2.2) 
Tey (A; 8) = Te(A; 6) U Iq(A; 8), (2.3) 
Fey q(A; 7) = Fe(Aj 7) U F,(A;7). (2.4) 


Given ®, © € {€,q, € V gq}, aneutrosophic set A = (Ar, Ar, 
Ar) in X € B(X) is called a (®, V)-neutrosophic subalgebra 
of X (see [4]) if the following assertions are valid. 


gz €Ts(Ajaz), y € Te(Aj ay) 

=> «xy € Ty(Ajaz A ay), 
x € Ig(A; Bx), y € Ta(A; By) 

=> ory € Iy(A; Bx A By), 
« € Fe(A;y2), y € Fo(A; vy) 

=> wey © Fy(Aj7e V Wy) 


(2.5) 


forall x,y € X, Az, Ay, Bx, By € (0, 1] and ya, yy € [0, 1). 


3 Generalizations of (€, € Vq)-neutroso- 
phic subalgebras 


In what follows, let kr, k; and kr denote arbitrary elements of 
(0, 1) unless otherwise specified. If ky, ky and kp are the same 
number in [0, 1), then it is denoted by k, i.e. k = kp = kr = kp. 


Given aneutrosophic set A = (Ar, Ay, Ar) inaset X,a,{ € 


(0, 1] and y € [0, 1), we consider the following sets: 


Tq, (4; @) = {x € X | Ar(z)+a+kr > 1}, 
Tq, (Aj 8) = {2 € X | Ar(x) + 8 +k; > If, 
Fy, (Ay) = {w € X | Ar(x) +7 +kr < VY, 
Tev qep (Aja) = {x € X | Ar(x) > aor 

Ar(2) t+a+kr> 1}, 
ev qu, (Ai) = {w € X | Ar(a) > Bor 

Aj(x@) +8 +k; > 1}, 
Fev, (Ai) = {eX | Ap(a) < yor 


Ap(x) +y+ke < 1}. 





We say Ty, (Aja), Iq,,(Ai8) and Fy, (As) are neu- 
trosophic q),-subsets, and Tey q,,.(A;@), Levq,,(A; 8) and 
Fev qx, (Aj) are neutrosophic (€ V qx)-subsets. For ® € {€, 
0; Ge, Chas Gg digng = VOCE tae S Voie = Ves SV 
the element of T (A; a) (resp., Jp (A; 8) and Fo(A; 7)) is called 
a neutrosophic Ts-point (resp., neutrosophic Ig-point and neu- 
trosophic F-point) with value a (resp., 3 and ¥). 


It is clear that 


Tey dk (A; a) =Te (A; a) U Take, (A; @), (3.1) 
Tev qy, (Aj B) = Le (A; B) U Ig, (As 8), (3.2) 
Fev qu (Ai7) = Fe(As 7) U Fa, (Ai): G3) 


Given a neutrosophic set A = (Ar, Ar, Ar) inaset X,a, 6 € 
(0, 1] and y € [0, 1), we consider the following sets: 


Téz(A; a) := {x € X | Ar(x) > a}, (3.4) 
Iz(A; 8) = {a € X | Ar(x) > B}, (3.5) 
Fe(Ayy) = {ee X|Ar(e)<7}. G6) 


Proposition 3.1. For any neutrosophic set A = (Ar, Ar, Ar) 
ina set X,a,P € (0,1) and y € [0, 1), we have 


a< 45 = 1,(Aja) C TZ(A;a), (3.7) 
B< 458 => 1,,(A:8) C (AS): (3.8) 
y= tgE > Fy (Ay) CS FE(439); (3.9) 
a> 45% => Te(A;a) C Ty, (A; a), (3.10) 
B>t5® = 1e(A;B) © Ig, (As 8), (3.11) 
y< 4B => Fe(A;y) © Fy, (457). (3.12) 


Proof. Ifa < SS. then 1 —a > th and a < 1—a. Assume 
that x € Ty,(A;a). Then Ap(z) +k > 1—a > +44, and 
so Ar(x) > +48 —k = 45% > a. Hence x € Tz(A;a). 
Similarly, we have the result (3.8). Suppose that y > +5* 


aa and let 
x € Fy,(A;y). Then Ap(x) + y +k < 1, and thus 


Ap(a) <1 





7 k<1 a k= 45% <4. 


Hence x € F2(A;7). Suppose that a > 45%. If x € Te(A; a), 
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then Corollary 3.5. If A = (Ar, Ar, Ar) is an (€, €)-neutrosophic 
subalgebra of X € B(X), then neutrosophic q,-subsets 
Ar(z)+at+k>2a+k>2-48+k=1 Tq, (A; a), Iq,(A; 8) and Fy,(A;y) are subalgebras of X for 
all a, 8 € (0,1) and y € (0, 1) whenever they are nonempty. 
and so x € Ty, (A; a). aa Te(A;a) C To, (A; a). Similarly, 
we can verify that if 8 > 45*, then I-(A; 8) C I qx (A; 8). Sup- If we take kp = ky = kp = 0 in Theorem 3.4, then we have 
pose that 7 < 15h. If x € F-(A;7), then Ap(x) < y, and the following corollary. 
oe Corollary 3.6 ([4]). If A = (Ar, Ar, Ap) is an (€, €)- 
Ap(a)+y+k<2y4+k<2- tt +k=1, neutrosophic ba of X € B(X), then neutrosophic q- 
subsets T,(A; a), Ig(A; 8) and F,(A;7) are subalgebras of X 
that is, 2 € Fy, (A; ). Hence Fe(A;) C Fa, (A;7). for all a, B € (0, 1] and y € [0, 1) whenever they are nonempty. 











Definition 3.2. A neutrosophic set A = (Ar, Ay, Ar) in X € 
B(X) is called an (€, € Vq(ky,ky,kp))-neutrosophic subalgebra 
of X if 


xe Te(A;az), y € Te(A; ay) 
=> xxy € Teva, (Aj ar A ay), 


=> r*Yy © Tevg, (A; Bx A By), : 
at € Fe(A; ye), y © Fe(A; vy) 
=> oxy © Feva,, (Aj Ie V Vy) 
for all z,y € X, Az, Ay, Bx, By € (0,1) and yx, yy € (0,1). 


An (6, € V (ker ,kr,k))“neutrosophic subalgebra with kp = 
ky = kp = kis called an (€, € Vqy)-neutrosophic subalgebra. 


Lemma 3.3 ([4]). A neutrosophic set A = (Ar, Ar, Ar) in 
X € B(X) is an (€, €)-neutrosophic subalgebra of X if and 
only if it satisfies: 

Ar(z*y) > Ar(x) A Ar(y) 
Ar(a*y) 2 Ar(x) A Ar(y) 
Ap(x*y) < Ar(x) V Ar(y) 


(Va,y € X) (3.14) 


Theorem 3.4. If A = (Ar, Ay, Ar) is an (€, €)-neutrosophic 
subalgebra of X € B(X), then neutrosophic q,-subsets 
Tan (As @), Tq, (As B) and Fy, ,(A;7) are subalgebras of X 
for all a, B € (0,1] and y € [0,1) whenever they are nonempty. 
Proof. Let x,y € Ty,.(A;a@). Then Ar(x) +a+ kr > land 
Ar(y) +a+kr > 1. It follows from Lemma 3.3 that 


Ar(x*y) +tatkr > (Ar(z) A Ar(y)) tat kr 
= (Ar(t) +a+kr) A (Ar(y) tat+kr) >1 


and so that r*y € Ty, (A; a). Hence Ty, (A; a) is a subalgebra 
of X. Similarly, we can prove that J, (A; 3) is a subalgebra of 
X. Now let x,y € Fy, ,(A;7). Then Ap(x) + + kp < Land 
Ar(y) +y+kp <1, which imply from Lemma 3.3 that 


Ar(c*y)+7+kr < (Ap(a) V Arty) +7 + ke 
= (Ap(2)+7+kr)V (Arty) ++ kp) <1. 


Hence x * y € Fo, 
Xx, 


7 (A; y) and so Fae (A; y) is a subalgebra of 














Definition 3.7. A neutrosophic set A = (Ar, Ay, Ar) in X € 
B(X) is called a ((k7,4;,k)> © V Ukr kr,ke) )-neutrosophic sub- 
algebra of X if 

ve T, 


dk 


(As zy ye Tone (A; Qy) 
=> T*Y € Levan (A; Qa Gi) 
LE Tay, (A; Br); y € Lox, (A; By) 


3.15 
=> rey € leva, (A; Be A By), ( ) 
ce Fy (Asya), y © Fa, (As Ww) 
=> xxy © Feva, (As Iz VW) 
for all x,y € X, Az, Ay, Bx, By € (0, 1] and Ya, yy € [0, 1). 


A (kr,kr.kr)s © VU(kr,kr,ke))-heutrosophic subalgebra with 
kp = ky = kp = kis called a (qx, € Vqx)-neutrosophic subal- 
gebra. 


Theorem 3.8. If A = (Ar, Ar, Ar) is a (ite des € 
V(k-r,kr,ke))-neutrosophic subalgebra of X © B(X), then neu- 
trosophic qi,-subsets Ty, (A; a), Iq, (A; 8) and Fy, (A; 7) are 
subalgebras of X for all a € (*587,1], B € (45"5,1] and 
7 € (0, Lee ) whenever they are nonempty. 











Proof. Let x,y € Ty,,,(A; a) for a € (45£2 1]. Then x xy € 
Tev qxp (Aj @), that is, x * y € Te(A;a) orz*y € Ty, (A; a). 
Ifaxy € Te(A;a), then xx y € Ty, (Aja) by (3.10). 
Therefore Tj, (A; a) is a subalgebra of X. Similarly, we prove 
that Iq, (A; @) is a subalgebra of X. Let z,y € Fy, (As7) 


for y € (0, if), Then x * y € Fevg,,(As7), and so 





rey € Fe(A; 7) or rey € Fy, (A; 7). Ifaxy © Fe(A; 7), then 
rey © By, (A; 7) by (3.12). Hence Fy,,, (As 7) is a subalgebra 
of X. 











Taking kp = ky = kp = O in Theorem 3.8 induces the fol- 
lowing corollary. 


Corollary 3.9 ((4]). Jf A = (Ar, Ar, Ar) is a (q, © Vq)- 
neutrosophic pene of X € B(X), then neutrosophic q- 
subsets T,(A; a), Ig(A; 8) and F,(A;7) are subalgebras of X 
for all a,B € (0.5,1] and y © [0,0,5) whenever they are 
nonempty. 


We provide characterizations of an (€, € V (ker jkr ke) )-neU- 
trosophic subalgebra. 
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Theorem 3.10. Given a neutrosophic set A = (Ar, Ar, Ar) in 
X € B(X), the following are equivalent. 


(1) A= (Ar, Ar, Ar) is an (€, © Va(e-p,k; ke) )-neutrosophic 
subalgebra of X. 


(2) A= (Ar, Ar, Ar) satisfies the following assertion. 
Ar(x*y) = \{Ar(x), Ar(y), SZ} 


Ay(x*y) > A{Ar(2), Ar(y), 3} 
Ap(x*y) < V{Ar(2), Ar(y), =} 


forall x,y € X. 








(3.16) 





Proof. Let A = (Ar, Ar, Ar) be an (E, € Wilander eed 
neutrosophic subalgebra of X. Assume that there exist a,b € X 
such that 


Ar(a*b) < \{Ar(a), Ar(b), 57}. 


If Ar(a) A Ar(b) < 
Hence 





1-kr then Ar(a*b) < Ar(a) A Ar(b). 


Ar(a * b) <a < Ar(a) A Ar(b) 


for some a; € (0,1). It follows that a € T-(A;a;) and b € 
Te (A; az) but a x b € Te(A; a4). Moreover, 


Ar(ax*b) +a < 2a; <1—kr, 


and soaxb¢ fag: (A; az). Thus a * b ¢ Tey thes (A; a4), a con- 
tradiction. If Ar(a) A Ar(b) > joke, then a € Te(A; Lia, 
Vee ). Also, 








be Te(A; 44°) and axb ¢ Te(A; 











Ar(a«b)+ 8 < bey EF eal 





kr, 








ie,a*b¢ Ty, (A; 
contradiction. Consequently, 


fr). Hence axb ¢ Tey die (AS fr). a 


Ar(x*y) > (\{Ar(2), Ar(y), 42} 


for all x,y € X. Similarly, we know that 


Ar(x*y) > (\{Ar(x), Ar(y), 54} 


for all x,y € X. Suppose that there exist a,b € X such that 








Ap(a*b) > \/{Ar(a), Ar(b), ££}. 





Then Ap(a*b) > yr > V{Apr(a), Ar(b), ££} for some 
vr € (0,1). If Ap(a) V Ap(b) > +4££, then 


Ap(a*b) > yr > Ar(a) V Ap(b) 


which implies that a,b € Fe(A;yr) andaxb ¢ Fe(A;ypr). 
Also, 
Ar(a*b) + 7F > 2yr 2 1-kp, 


that is, a*b ¢ Fo, (A;yr). Thusa*b ¢ Fevg,, (Air); 

















which is a contradiction. If Ar(a) V Ap(b) < +4££, then a,b € 
Fe (A; +4£*) and ax«b ¢ Fe(A; +4££). Also, 
Ap(axb)+ $82 > bee +f =1 kr 


and so a*b ¢ Fy, (A; ifr). Hence axb ¢ Fev gun (AS ifr), 
a contradiction. Therefore 


Ap(a * y) < \/{Ar(2), Ar(y), ifr} 


forall z,y € X. 

Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X 
which satisfies the condition (3.16). Let z,y € X and Bz, By € 
(0, 1] be such that « € [¢(A; 8,) and y € Ie (A; By). Then 


Ar(w*y) > A\{Ar(2), Ary), 8} > Ae, By, +}. 
Suppose that 6, < tok or By < tok Then Ay(x * y) > 
By \ By, and soa * y € Ic(A;8, A By). Now, assume that 


By > Ve and 6, > LL Then A;(x * y) > tok and so 
































Ar(z*y) + Be A By > GE + SM = 1 





ky, 
that is, 7 * y € Ig, (A; Bx A By). Hence 


c*Y € Lev ay, (A; Be A By}: 


Similarly, we can verify that if « € Te(A;a,) and y € 
Te(A;ay), then x * y € Teva, (Ajaz A ay). Finally, let 
x,y € X and yz,7y € [0,1) be such that ¢ € Fe(A;yz~) and 
y € Fe(A; yy). Then 


Ap(a*y) < \/{Ar(2), Ar(y), SE} < Voie %y, SE} 
ae , then Ap(x*y) < Ya V Yy and thus 


l—-kpr 1—kr 
a and yy < —>™, then 





If yz => ae or yy > 


zcxy © Fe(A;2 V yy). If ye < 
Ap(x*y) < +56. Hence 

















Ap(@*y) +e V Vy < * an fe = 





kp, 


thatis,r*y € FF 


dk p (A; yx V Yy)- Thus 
rey © Fey a, (As Vz V Vy): 


Therefore A = (Ar, Ay, Ap) is an (€, € V qx, )-neutrosophic 
subalgebra of X. 














Corollary 3.11 ((4]). A neutrosophic set A = (Ar, Ar, Ar) in 
X € B(X) isan (€, € V q)-neutrosophic subalgebra of X if and 
only if it satisfies: 


Ar(a*y) 2 \{Ar(«), Ar(y), 0.5} 


Ar(x*y) = A{Ar(@), Ar(y).0.5} 
Apr(a * y) < ViAr(2), Ar(y), 0.5} 


(Vz,y € X) 
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Proof. It follows from taking kr = kr = kp = 0 in Theorem 
3.10. 














Theorem 3.12. Let A = (Ar, Ar, Ar) be a neutrosophic set in 
X € B(X). Then A = (Ar, Ar, Ar) isan (€, € Videos keen) 
neutrosophic subalgebra of X if and only if neutrosophic €- 
subsets Te(A; a), Ie (A; GB) and Fe(A; 7) are subalgebras of X 
for all a € (0,*5£7], B € (0,4*58*] and y € [*5££,1) when- 
ever they are nonempty. 








Proof. Assume that A = (Ar, Ay, Apr) is an (€, € 
V(kr,k1,ke))-heutrosophic subalgebra of X. Let B € (0, +484] 
and x,y € Ic(A;8). Then A;(a) > 6B and A;(y) > BG. It 
follows from Theorem 3.10 that 


Ar(z*y) > [\{Ar(z), Ar(y), 5&4} = BAGH = 8 





and so that « x y € I¢(A;). Hence I-(A; 3) is a subalgebra 
of X for all 8 € (0,+5"]. Similarly, we know that Te (A; a) 
is a subalgebra of X for all a € (0, 44]. Let y € [+5££,1) 
and x,y € Fe(A;y). Then Ar(x) < yand Ar(y) < y. Using 
Theorem 3.10 implies that 











Ap(z«y) < \/{Ar(2), Ar(y), S24} < vv Ee = 7. 


Hence x x y € Fe(A;7¥), and therefore Fe (A; y) is a subalgebra 
of X for all y € [>5£, 1). 

Conversely, suppose that the nonempty neutrosophic €-subsets 
Te(A;a), [e(A; 8) and F-(A;+) are subalgebras of X for all 
a € (0,+4£], B € (0, 4*] and y € [+4££, 1). If there exist 
a,b € X such that 














Ar(a*b) < A\{Ar(a), Ar(b), = £7}, 
then a,b € Te(A; ar) by taking 
ar := [\{Ar(a), Ar(b), +7}. 
Since Tz(A; ar) is a subalgebra of X, it follows that a * b € 


Te(A; ar), that is, Ar (a * b) > ar. This is a contradiction, and 
hence 





Ar(w*y) > \{Ar(o), Ar(y), 2} 


for all x,y € X. Similarly, we can verify that 


Ay(«*y) = [\f{Ar(x), Ar(y), S*} 


for all x, y € X. Now, assume that there exist a,b € X such that 





Ap(a«b) > \/{Apr(a), Ar(b), FF}. 





Then Ap(a*b) > yr > V{Ar(a), Ar(0), ££} for some 
Yr € [25££, 1). Hence a,b € Fe(A;yr), and soa*b € 
Fe(A; yr) since Fe(A; yr) is a subalgebra of X. It follows that 





Ar(a* b) < yp which is a contradiction. Thus 


Ap(a*y) < \/{Ar(e), Ary), SE} 


for all a,y € X. Therefore A = (Ar, Ar, Ar) is an (€, € 
V (kr ,kr kp) -neutrosophic subalgebra of X by Theorem 3.10. 














Corollary 3.13. Let A = (Ar, Ar, Ar) be a neutrosophic set 
in X € B(X). Then A = (Ar, Ar, Ar) is an (€, € Vq)- 
neutrosophic subalgebra of X if and only if neutrosophic €- 
subsets Te(A;a), Ie(A; 8) and Fe(A;7¥) are subalgebras of 
X forall a,8 € (0,0.5] and y € [0.5,1) whenever they are 
nonempty. 


Proof. It follows from taking kp = ky = kp = 0 in Theorem 
aA. 














Theorem 3.14. Every (€, €)-neutrosophic subalgebra is an (€, 
€ Vd(kr,kr,ke))-neutrosophic subalgebra. 











Proof. Straightforward. 





The converse of Theorem 3.14 is not true as seen in the fol- 
lowing example. 


Example 3.15. Consider a BC I-algebra X = {0, a,b,c} with 
the binary operation * which is given in Table | (see [5]). 


eo 


Table 1: Cayley table for the binary operation “x 





acre ox 
Qacra oOo 
sa og]a 
geoonowneo 
oe oala 


Let A = (Ar, Ar, Ar) be a neutrosophic set in X € B;(X) 
defined by Table 2 


Table 2: Tabular representation of “A = (Ary, Ar, Ar)” 





xX Ar(x) A;(2) Ap() 
0 0.6 0.5 0.2 
a 0.7 0.3 0.6 
b 0.3 0.6 0.6 
c 0.3 0.3 0.4 
If kp = 0.36, then 
if a € (0,0.3], 


xX 
T.(A;a) = { {0,a} ifa € (0.3, 0.32]. 
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If ky = 0.32, then 


x if 8 € (0,0.3], 
if B € (0.3, 0.34]. 


If kp = 0.36, then 


{0} if y € [0.32, 0.4), 
Fe(A;y)= 4 {0,c} ify € [0.4,0.6), 
x if y € (0.6, 1]. 


We know that Te (A; a), Ie(A; 8) and Fe (A; y) are subalgebras 
of X for all a € (0,0.32], 6 € (0,0.34] and y € [0.32,1). It 
follows from Theorem 3.12 that A = (Ar, Ar, Ap) is an (€, 
€ Vd(kr,kr,ke))“heutrosophic subalgebra of X for kp = 0.36, 
ky; = 0.32 and kp = 0.36. Since 


Ar(0) = 0.6 < 0.7 = Ar(a) A Ar(a) 


and/or 
A;(0) = 0.5 > 0.3 = Ay(c) V Ax(o), 


we know that A = (Ar, A;, Ar) is not an (€, €)-neutrosophic 
subalgebra of X by Lemma 3.3. 


Definition 3.16. A neutrosophic set A = (Ar, Ay, Ar) in X € 
B(X) is called an (€, Q(7,4;,4))-neutrosophic subalgebra of 
X if 
a € Te(Ajaz), y € Te(Aj ay) 
=> cxyETy, (Ase A ay), 
x € Ie(A; Bx), y € Te(A; By) 
=> vey € 1g, (A; Be A By), 
ze Fe(A;ya), y © Fe(A; yy) 
=> LYE Fa,» (Ai Ya V Yy) 


(3.17) 


forall x,y € X, Az, Ay, Bx, By € (0, 1] and yz, yy € [0, 1). 


An (€, Q(kr,k;,ke) )-neutrosophic subalgebra with kp = ky = 
kp = kis called an (€, q;,)-neutrosophic subalgebra. 


Theorem 3.17. Every (€, d(e-7,k;,ke))-neutrosophic subalgebra 
isan (€, € V (kr jkr,ke) )-neutrosophic subalgebra. 











Proof. Straightforward. 





The converse of Theorem 3.17 is not true as seen in the fol- 
lowing example. 


Example 3.18. Consider the BC I-algebra X = {0, a, b,c} and 
the neutrosophic set A = (Ar, Ar, Ar) which are given in Ex- 
ample 3.15. Taking ky = 0.2, ky; = 0.3 and kp = 0.24 imply 
that 


te fe if a € (0,0.3], 

Te(A; a) = { {0,a} ifa€ (0.3, 0.4], 
om i if 8 € (0,0.3], 

Te(A; 8) = { {0,b} if 8 € (0.3, 0.35], 


and 
{0} if 6 € [0.38, 0.4), 


{0,c} if B € [0.4,0.6), 
x if 8 € (0.6, 1). 


Fe(A;7) = 


Since X, {0}, {0,a}, {0,6} and {0,c} are subalgebras of X, 
we know from Theorem 3.12 that A = (Ar, Ar, Ar) is an (€, 
€ V (ker ker ke) )heutrosophic subalgebra of X for kp = 0.2, 
ky = 0.3 and kp = 0.24. Note that 


ab € Ty, (A; 0.25 A 0.4) 
for a € Te(A; 0.4) and b € T-(A; 0.25), 

b« ¢ € Igy g(Aj0.5 A 0.27) 
for b € Ie(A;0.5) and c € Ie(A; 0.27), and/or 


axc¢ Fy, ,,(A;0.6 V 0.44) 


wea 


fora € Fe(A;0.6) and c € Fe(A;0.44). Hence A = (Ar, Ar, 
Ap) is not an (€, q(0.2,0.3,0.24) )-neutrosophic subalgebra of X. 


Theorem 3.19. [f0 < kp < jp < 1,0 < ky < jp < land 
0 < jp < kp <1, thenevery (€, € VQkp,k;,kp) )-neutrosophic 
subalgebra is an (€, © Vq(jp,j1,j) )-neutrosophic subalgebra. 











Proof. Straightforward. 





The following example shows that if 0 < kr < jr < 1, 
O < ky < gy < LlandO < jr < kp < 1, then an 
(€, € Vqijr,j1,jr))-neutrosophic subalgebra may not be an (€, 
EVQ(krkr.kr) )-neutrosophic subalgebra. 


Example 3.20. Let X be the BCJ-algebra given in Example 


3.15 and let A = (Ar, A;, Ar) be a neutrosophic set in X 
defined by Table 3 


Table 3: Tabular representation of “A = (Ar, Ar, Ar)” 





X Ar(2) A;(az) Ap(2) 
0 0.42 0.40 0.44 
a 0.40 0.44 0.66 
b 0.48 0.36 0.66 
c 0.40 0.36 0.33 


If kp = 0.04, then 

x if a € (0, 0.40], 
{0,b} if a € (0.40, 0.42], 
{bo} if a € (0.42, 0.48). 


Note that T- (A; a) is not a subalgebra of X for a € (0.42, 0.48]. 


Te(A; a) = 
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If ky = 0.08, then 


x if 8 € (0, 0.36], 
_» _ J {0,a} if 6 € (0.36, 0.40], 
rs {a} if 8 € (0.40, 0.44], 
0 if B € (0.44, 0.46). 


Note that I< (A; 3) is not a subalgebra of X for 3 € (0.40, 0.44]. 
If kp = 0.42, then 


0 if y € [0.29, 0.33), 

J fe} ify € (0.33, 0.44), 

FAN = 9 fo 4 ify € [0.44,0.66), 
x if y € (0.66, 1). 


Note that F< (A; 7) is not a subalgebra of X for 7 € [0.33, 0.44). 
Therefore A = (Ar, A;, Ap) is not an (€, © Va(kp,ky,ke))- 
neutrosophic subalgebra of X for kp = 0.04, ky = 0.08 and 
kp = 0.42. 

If jr = 0.16, then 


Te(Ara) -{ x if a € (0, 0.40], 


{0,b} if a € (0.40, 0.42]. 
If jr = 0.20, then 
oie ee if 8 € (0, 0.36], 
Te(Aj 8) { {0,a} if B € (0.36, 0.40]. 


If jp = 0.12, then 


__, f {0O,c} ify € [0.44, 0.66), 
Fe(4;7) = { X if ye (0.66,1). 
Therefore A = (Ar, Ay, Ar) is an (€, € Va(jr,51,j7))- 
neutrosophic subalgebra of X for 7p = 0.16, 77 = 0.20 and 
jr = 0.12. 


Given a subset S of X, consider a neutrosophic set Ag = 
(Asr, Asr, Asr) in X defined by 


_ f (41,0) ifxeS, 
Asn) { (0,0,1) otherwise, 
that is, 
1 ifxeS, 
Asr(z) = { 0 otherwise, 
_f 1 if@es, 
Agi(z) = { 0 otherwise, 
and 
0 ifxesS, 
Asp(2) = { 1 otherwise. 


Theorem 3.21. A nonempty subset S of X € B(X) is a 


subalgebra of X if and only if the neutrosophic set Ag = 
(Asr, Asr, Asp) is an (€, © V(ep,k;,ke))-neutrosophic sub- 
algebra of X. 


Proof. Let S be a subalgebra of X. Then neutrosophic €- 
subsets T- (Agr; a), [ce (Agr; 8) and F-(Agr; 7) are obviously 
subalgebras of X for all a (0, 1=kr), B (0, 15K] and 
YE [H£.,1). Hence As = (Agr, Agr, Agr) is an (€, 
€Vd(kr,k1,kr))“neutrosophic subalgebra of X by Theorem 3.12. 

Conversely, assume that Ag = (Agr, Agr, Agr) is an (€, 
€ V (kr jkr ,ke))-neutrosophic subalgebra of X. Let x,y € S. 
Then 





Asr(x *y) = /fAsr(2); Agsr(y), +7} 


=1A-* =>": 








Asi(a*y) > A\{Asr(2), Asr(y), 4} 


= 1A i = Gh 
and 
Asr(a*y) < \/{Asr(2), Asr(y), 2} 
= Ov ae = ike 
which imply that 


Agr (a * y) = 1, Agi (a * y) = 1 and Agr(« *Y) = 0. 











Hence x * y € S, and so S is a subalgebra of X. 





Theorem 3.22. Let S be a subalgebra of X © B(X). For every 
a € (0,4£7} 6 € (0,45) and y ©€ [+££,1), there ex- 
ists an (€, © V(kr,kr,kp))-neutrosophic subalgebra A = (Ar, 
Ar, Ar) of X such that Te(A;a) = S, Ie(A;8) = S and 
Fe(A;7) = 8. 





Proof. Let A = (Ar, Ar, Ar) be a neutrosophic set in X de- 


fined by 
_ J (a 6,7) ifeeS, 
A { (0,0,1) otherwise, 
that is, 
fa ifares, 
ag) 0 otherwise, 
_jf 86 ifzes, 
Aaa) { 0 otherwise, 
and 
_[ -y abee.5, 
Ap(z) = { 1 otherwise. 
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Obviously, Te(A;a) = S, Ie(A; G6) = S and Fe(A;7) = S. 
Suppose that 





Ar(a*b) < [\{Ar(a), Ar(b), £2} 

for some a,b € X. Since #Im(Ar) = 2, it follows that 
A{Ar(a), Ar(b), £5} = a@ and Ar(a * 6) = 0. Hence 
Ar(a) = a = Ar(b), and so a,b € S. Since S is a subalgebra 
of X, we have ax b € S. Thus Ar(a * b) = a, a contradiction. 
Therefore 





Ar(«*y) = A\{Ar(2), Ar(y), 7} 


for all x,y € X. Similarly, we can verify that 


Ay(a - y) 2 /\{Ar(a), Ar(y), it} 


for all x,y € X. Assume that there exist a, b € X such that 





Ap(a*b) > \f{Ar(a), Ar(b), 52}. 

Then Ap(a x b) = 1 and \/{Ap(a), Ap(b), —f£} = 7 since 
#Im(Af) = 2. It follows that Ar(a) = y = Ar(b) and so that 
a,b € S. Hence ax b € S, and so Ap(a * b) = ¥, which is a 
contradiction. Thus 


Ap(x*y) <\/{Ar(2), Ar(y), S2"} 


for all z,y € X. Therefore A = (Ar, Ar, Ar) is an (€, € 
Vd(kr,kr,ke))“neutrosophic subalgebra of X by Theorem 3.10. 














Corollary 3.23. Let S be a subalgebra of X € B(X). For every 
a € (0,0.5], 6 € (0,0.5] and y € [0.5,1), there exists an (€, 
€ Vq)-neutrosophic subalgebra A = (Ar, Ar, Ar) of X such 
that T-(A;a) = S, I¢(A;B) = S and Fe(A;y) = S. 


Proof. It follows from taking kp = ky = kp = 0 in Theorem 
3.22. 














Theorem 3.24. Given a neutrosophic set A = (Ar, Ar, Ar) in 
X € B(X), the following are equivalent. 


(1) A= (Ar, Az, Ar) is an (€, © V (kp ky kee) )-neutrosophic 
subalgebra of X. 


(2) The neutrosophic (€ — V qx)-subsets Tey q..(A;@), 
Tey q,, (As B) and Fey q,,, (As) are subalgebras of X for 
all a, 8 € (0, 1] and y € (0,1). 


Proof. Assume that A = (Ar, Az, Ap) is an (€, € 
Vk jkr ,k) -neutrosophic subalgebra of X. Let zw,y € 
Tev q,, (A; B) for B € (0, 1]. Then Ay(x) > Bor Ay(x) + B+ 
ky > 1, and A;(y) > Gor Ar(y) +6 +k; > 1. Using Theorem 
3.10, we have 


Ar(a*y) > (\{Ar(x), Ar(y), 44}. 





1—kr 
2 





Case 1. Ay(x) > 8 and Ar(y) > 8. If 8 > , then 


Ar(x*y) > (\{Ar(a), Ar(y), 5} = 4, 


and so A;(x* y) + 8 > tok 4 Ah _] 
Lox, (A; 8). If B < Let, then 





ky. Hence x * y € 








Ar(a*y) > A{Ar(2), Ary), 5} > B, 
and thus x * y € Ic(A; 8). Hence 


ney € Te(A; 8B) U Ig, (As 8) = Lev ax, (As B)- 





Case 2. Ay(x) > Gand Ay(y) + 6 +k; > 1. If B> 
then 


1l—kr 
D9 





Ar(a*y) > A{Ar(2), Ar(y), 5} 
= Ay(y) \+5* > (1-8 - kr) AAR® 
=1- B _ kr, 








and sox*« y € Iq, (A; 8). If 6 < ie, then 
Ar(axy) > A{Ar(2), Ar(y), 5} 
> A\{8,1- 6 - kr, 44} = 8, 


and thus x * y € Ie(A; 8). Therefore x * y € Tev q, (A; 8). 





Case 3. Ay(x) + 6+ kr > 1 and A;(y) > GB. We have 
xz*y € leva, (A; ) by the similar way to the Case 2. 


Case 4. Ay(a) +84+k; > land Ay(y) + 8+; > 1. If 
p> 1 then 1 B-kr< 11 and so 








Ar(x*y) > Af{Ar(2), Arly), 48} > 1-6 = kr, 





ie, c¥y € Ip, (A; 8). If 8 < +*, then 





Ar(a * y) 2 /\{Ar(2), Ar(y), Ley 
>(1-B-kj) A+ 


1-—k 
= a = B, 





ie, r*y € Ie(A;8). Hence r*y € Tevg,, (A; 8). Con- 
sequently, Tey q, (A; @) is a subalgebra of X. Similarly, we 
can prove that if x,y € Tevq,,(A;a@) for a € (0,1), then 
rey © Tevq,,(Ajq), that is, Tey g,,.(A; a) is a subalgebra 
of X. Let x,y € Fev q.,,(A;7) for y € [0,1). Then Ap(x) < ¥ 
or Ap(a)+y+kr < 1,and Ap(y) < yor Ar(y)+y+ker <1. 
Using Theorem 3.10, we have 


Ap(a*y) < \/{Ar(2), Ar(y), 





1oke s 
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l-krp 


Case 1. Ar(x) < yand Ar(y) < 7. Ify < 3 





, then 


Ap(z = y) < \/{Ar(2), Ar(y), ike} = Pe, 





and so Ap(c xy) +7 < fe +f = 1 


rey € Fy, (A; 7). fy > Lee then 


kp. Hence 








Ap(x*y) < \/{Ar(2), Ar(y), Sf£} <7, 
and thus x « y € Fe(A;7). Hence 


wey € Fe(A;y)U Fo, (AY) = Fevan, (As): 





Case 2. Ap(x) < yand Ap(y)+y+ke <1LIfy< +, 
then 
Ap(a*y) < \/{Ar(2), Ar(y), 4} 
= Ar(y) V +582 < (l-y—kr) V 
=1- . ao kp, 





and soz*y € Fy, (A; 7). Ify > ee, then 


Ap(w*y) S$ \/{Ar(a), Ar(y), Sf} 


<\Vt1.1-7- ke, LokP} = 4, 





and thus x * y € Fe(A;y). Therefore x * y € Fev q,,,(A;7). 
Similarly, if Ay(~) + G+k; < land Ar(y) < 8, thena*xy € 
Fev ang (Ae 
Finally, assume that Ap(#) +y+kpr < land Ar(y) + 7+ 


kp <lIfy< ifr then 1 —y—kp> ifr | and so 








Ap(a*y) < \/{Ar(a), Ar(y), SP2} < 1-7 - kr, 


ie, rxye Ff 


dk 


Ap(x * y) < \/{Ar(2), Ar(y), fey 
<(l-y-kr)V ie 





(A; 7). If y > 1oke , then 








1-k 
3 ss of 





ie, x*xy € Fe(A;7). Hence x*y € Fevg,,,(A;7). Therefore 
Fey dis, (A; y) is a subalgebra of X. 


Conversely, suppose that (2) is valid. If it is possible, let 
Ar(x*y) <a < A\{Ar(2), Ar(y), SE} 
for some a € (0, +47). Then 
x,y € Te(As@) © Teva, (Ajo), 


which implies that x * y € Tey q,,,.(A;a@). Thus Ap(z * y) > a 


or Ar(a * y) +a+kr > 1, a contradiction. Hence 


Ar(x*y) > (\{Ar(2), Ary), 47} 


for all x, y € X. Similarly, we can verify that 


Ar(« * y) = /MAr(2), Ar(y), i} 


for all x,y € X. Now assume that there exist a,b € X and 


+ € (+4££, 1) such that 





Ap(a*b) > 7 > \/{Ar(a), Ar(b), $4}. 
Then a,b € Fe(A;7) © Fev q.,,(A; 7), which implies that 
axbe€ Feyq,,(A;7)- 


Thus Ar(a* b) < yor Ar(a* b) +y+kr < 1, which isa 
contradiction. Hence 


Ap(x*y) = \/{Ar(a), Ar(y), Sf} 


for all x,y € X. Using Theorem 3.10, we conclude that A = 
(Ar, Ar, Ap) isan (€, © VQ(k-p,k;,ke) )-neutrosophic subalgebra 
of X. 














4 Conclusions 


Neutrosophic set theory is a nice mathematical tool which can 
be applied to several fields. The aim of this paper is to consider 
a general form of neutrosophic points, and to discuss general- 
izations of the papers [4] and [6]. We have introduce the no- 
tions of (€, € Vq(kp,k;,k-))-heutrosophic subalgebra, and (€, 
Ukr,ky,ke))“neutrosophic subalgebra in BC'K/BCI-algebras, 
and have investigated several properties. We have discussed 
characterizations of (€, € Vd(kr kr k ) )-neutrosophic subalge- 
bra. We have considered relations between (€, €)-neutrosophic 
subalgebra, (€, Q(k7,k;,k-))-neutrosophic subalgebra and (€, 
€ Vd(kr,kr,kr))“neutrosophic subalgebra. We hope the idea and 
result in this paper can be a mathematical tool for dealing with 
several informations containing uncertainty such as medical diag- 
nosis, decision making, graph theory, etc. So, based on the results 
in this article, our future research will be focused to solve real-life 
problems under the opinions of experts in a neutrosophic set envi- 
ronment such as medical diagnosis, decision making, graph the- 
ory etc. In particular, Bucolo et al. [2] suggested a generalization 
of the synchronization principles for the class of array of fuzzy 
logic chaotic based dynamical systems and evaluated as alterna- 
tive approach to build locally connected fuzzy complex systems 
by manipulating both the rules driving the cells and the architec- 
ture of the system. We will also try to study complex dynamics 
through neutrosophic environment. The future works also may 
use the study neutrosophic set environment on several related al- 
gebraic structures, for example, 1/V-algebras, BL-algebras, Ro- 
algebras, E@-algebras, equality algebras, 1/7 L-algebras etc. 
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Abstract: Characterizations of an (€, €)-neutrosophic ideal are 
considered. Any ideal ina BC K/BCI-algebra will be realized as 
level neutrosophic ideals of some (€, €)-neutrosophic ideal. The re- 
lation between (€, €)-neutrosophic ideal and (€, €)-neutrosophic 
subalgebra in a BC K-algebra is discussed. Conditions for an (€, 
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1 Introduction 


Neutrosophic set (NS) developed by Smarandache [8, 9, 10] in- 
troduced neutrosophic set (NS) as a more general platform which 
extends the concepts of the classic set and fuzzy set, intuitionis- 
tic fuzzy set and interval valued intuitionistic fuzzy set. Neutro- 
sophic set theory is applied to various part which is refered to the 
site 


http://fs.gallup.unm.edu/neutrosophy.htm. 


Jun et al. studied neutrosophic subalgebras/ideals in 
BCK/BCtT-algebras based on neutrosophic points (see [1], [5] 
and [7]). 

In this paper, we characterize an (€, €)-neutrosophic ideal in a 
BCK/BCI-algebra. We show that any ideal ina BCK/BCI- 
algebra can be realized as level neutrosophic ideals of some 
(€, €)-neutrosophic ideal. We investigate the relation between 
(€, €)-neutrosophic ideal and (€, €)-neutrosophic subalgebra 
in a BC K-algebra. We provide conditions for an (€, €)- 
neutrosophic subalgebra to be a (€, €)-neutrosophic ideal. Using 
a collection of ideals ina BC K/BCI-algebra, we establish an 
(€, €)-neutrosophic ideal. We discuss equivalence relations on 
the family of all (€, €)-neutrosophic ideals, and investigate re- 
lated properties. 


2 Preliminaries 


A BCK/BC1I-algebra is an important class of logical algebras 
introduced by K. Iséki (see [2] and [3]) and was extensively in- 


€)-neutrosophic subalgebra to be a (€, €)-neutrosophic ideal are 
provided. Using a collection of ideals ina BCK/BC-algebra, an 
(€, €)-neutrosophic ideal is established. Equivalence relations on 
the family of all (€, €)-neutrosophic ideals are introduced, and re- 
lated properties are investigated. 


vestigated by several researchers. 
By a BCI-algebra, we mean a set X with a special element 0 
and a binary operation x that satisfies the following conditions: 


() (Wa,y,z © X) (((a*y) * (w* z)) *(z*y) = 0), 
(I) (Va,y € X) ((a* (a *y)) *y = 0), 
(ID (Va € X) (axa =0), 
(IV) (Vaz,yEX)(axy=0,yxx=0 > r=y). 
Ifa BCI-algebra X satisfies the following identity: 
(V) (Va € X) (0x2 =0), 


then X is called a BC K-algebra. Any BCK/BCI-algebra X 
satisfies the following conditions: 


(Ve € X)(4*0=2), (2.1) 
LLY > UKE Y*zZ 
eee (2.2) 
(Va,y,2€ X)((vxy) *z= (xz) *y), (2.3) 
(Va,y,2 © X)((v xz) * (y* z) <axxy) (2.4) 


where x < y if and only if x * y = 0. A nonempty subset S of a 
BCK/BCT-algebra X is called a subalgebra of X ifuxyES 
for all x,y € S. A subset I of a BCK/BCI-algebra X is called 
an ideal of X if it satisfies: 


del, 
(V~ae X)(VyelT(axyel > cel). 


(2.5) 
(2.6) 
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We refer the reader to the books [4, 6] for further information 
regarding BC kK / BC I-algebras. 


For any family {a; | 7 € A} of real numbers, we define 


\/{ai | 1 € A} := sup{a; |i € A} 


and 


/\{ai | i € A} = inf {a; | i € A}. 


If A = {1,2}, we will also use a1 V ag and a; A az instead of 
Via; |7€ A} and A{a; | i € A}, respectively. 


Let X be a non-empty set. A neutrosophic set (NS) in X (see 
[9]) is a structure of the form: 


Av := {(x; Ar(x), Ar(x), Ar(x)) | z © X} 


where Ar : X — [0,1] is a truth membership function, 
A; : X — [0,1] is an indeterminate membership function, and 
Ap: X — [0,1] is a false membership function. For the sake of 
simplicity, we shall use the symbol A. = (Ar, A;, Ar) for the 
neutrosophic set 


Ax := {(x; Ar(x), Ar(x), Ar(x)) |v © Xf. 


Given a neutrosophic set AW = (Ar, Ar, Ar) ina set X, 
a, 3 € (0,1] and y € [0,1), we consider the following sets: 


Te(An; a) = {x € X | Ap(x) > a}, 
Te(An; A) = {ev € X | Az(x) 2 B}, 
Fe(Aus) = {@ € X | Ap() <9}. 


We say Te(Ax; @), 
€-subsets. 


Te(Ax; 8) and Fe(Ax; 7) are neutrosophic 


A neutrosophic set AL = (Ar, Ar, Ar) ina BCK/BCI- 
algebra X is called an (€, €)-neutrosophic subalgebra of X (see 
[5]) if the following assertions are valid. 


me T(Axid,), ye Te(An; dy) 
=> xy Ee Te(Arjaz A ay), 

gz €Ic(An; Bx), y € Te(An~; By) 
=> c*Y € Te (Ax; Bo A By), 

Pe Pal Ante), oS Fela yy) 
=> xxy € Fe(An; Ye V Vy) 


(Va,y € X) (2.7) 


(0, 1] and yz, yy € [0, 1). 


A neutrosophic set AL = (Az, A;7, Apr) ina BCK/BCI- 
algebra X is called an (€, €)-neutrosophic ideal of X (see [7]) 
if the following assertions are valid. 


for all az, Ay, Bx, By € 


ve Te(Avj;az) > 0€ Te(Axr; az) 
ee T2( Aw Ge) => 0 € Ie(An; Br) 
me Fel Ani ys) => OG Fe(An7 75) 


(Va € X) (2.8) 


and 
xxy € Te(Arjaz), y € Te(An; ay) 
=> ©€ Te(Axr; az A ay) 
(Wa y € X) zy € Ie(An; Br), y € Te (An; By) 


=> £€ Te(Ax; Be A By) 
eey © Fe(Ani de), y © Fe(Ani Wy) 
=> © € Fe(An; Y2 V Vy) 
(2.9) 
[0, 1). 


for all ag, Ay, Bx, By € (0,1) and yz, Yy € 


3 (€, €)-neutrosophic subalgebras and 
ideals 


We first provide characterizations of an (€, €)-neutrosophic 
ideal. 


Theorem 3.1. Given a neutrosophic set AX = (Ar, Az, Ar) in 
a BCK/BCI-algebra X, the following assertions are equiva- 
lent. 


(1) Ax = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal of X. 
(2) Aw = (Ar, Ar, Ap) satisfies the following assertions. 
Ar(0) 2 Ar(2), 
(V2 EX) { Ar(O0) > Ar(x), (3.1) 
Ap(0) < Ar(z) 
and 
Ar(x) 2 Ar(x*y) A Ar(y) 
(Va,yeEX)| Ar(x) = Ar(x*y) A Ar(y) (3.2) 
Ap(x) < Ap(x *y) V Ar(y) 


Proof. Assume that AJ = (Ar,A;,Ar) is an (€, €)- 
neutrosophic ideal of X. Suppose there exist a,b,c € X be 
such that A7(0) < Ar(a), A7(0) < Ajy(b) and Ap(0) > 
Ap(c). Thena € Te(A,;Ar(a)), b € Ie(Ax; Ar(b)) and 
c € Fe(Ax; Ar(c)). But 


0 ¢ Te(Ax; Ar(a)) N Le(An; Ar(b)) 9 Fe(An; Ar(C)). 


This is a contradiction, and thus Ar(0) > Ar(x), Ar(0) > 
Ay(x) and Ap(0) < Ap(x) for all « € X. Suppose that 
Ar(x) < Ar(a * y) A Ar(y), Ar(a) < Ar(a * b) A Az(d) 
and Ar(c) > Ar(cx*d) V Ap(d) for some x, y, a,b, c,d € X. 
Taking a := Ar(axy)AAr(y), 8 = Ar(axb)AAz(b) and y := 
Ap(cxd)V Ap(d) imply that rxy € Te(Ax; a), y € Te(An; Q), 
axb € I<(A.; 8), b € Ie(A.; 8), cd € Fe(A.;7) and 
d € Fe(Ax;y). Buta € Te(Ax;a), a € Ie(AX; 8) and 
c ¢ Fe(Ax;7¥). This is impossible, and so (3.2) is valid. 
Conversely, suppose AY = (Av, Az, Aj) satisfies two con- 
ditions (3.1) and (3.2). For any x,y,z € X, leta,@ € (0,1] 
and 7 € [0,1) be such that 7 € Te(Ax;a), y € Te(Ax; 8) and 
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z € Fe(Ax;7). It follows from (3.1) that Ar(0) > Ar(x) > a, 
A;(0) > Ar(y) > Gand Ar(0) < Apr(z) < 7¥ and so that 
0€ Te(Axn;a)NIe (An; B)NFe(An; 7). Let a,b, ¢,d,2,y € X 
be such that a * b € Te(Axr;aa), b € Te(Axr;ap), cx d € 
Te(Ax; Bc), d € Ie(An; Ba), xy € Fe(Ar; yx), and y € 
Fe(An; yy) for aa, ab, Be, Ba € (0,1] and yn, 7% € (0,1). Us- 
ing (3.2), we have 


Ar(a) = Ar(a * b) A Ar(b) = Qa A Qh 
Ar(c) = Ar(e* d) A Ar(d) = Be A Ba 
Ap(x) < Ap(a*y) V Ar(y) < Ya V Wy: 


Hence a € Te(An;Qa A ay), ¢ € Te(An; 8. A Ba) and x € 
Fe(An; Ya V Yy). Therefore AL = (Ar, Ar, Ar) is an (€, €)- 
neutrosophic ideal of X. 














Theorem 3.2. Let AW = (Ar, Ar, Ar) be a neutrosophic set 
ina BCK/BClI-algebra X. Then the following assertions are 
equivalent. 


(1) Ay = (Ap, Ar, Ap) is an (€, €)-neutrosophic ideal of X. 


(2) The nonempty neutrosophic €-subsets Te(Ax;a), 
Te(Ax;8) and Fe(Ax;y) are ideals of X for all 
a, 3 € (0,1] and y € [0,1). 


Proof. Let Aw = (Ar, Ar, Ar) be an (€, €)-neutrosophic ideal 
of X and assume that Te(A.; a), Je(Ax; 3) and Fe(A.; 7) are 
nonempty for a, € (0,1] and y € [0,1). Then there exist 
x,y,z € X such that x € Te(Axn;a), y © Te(An; 3) and z € 
Fe(A,;7). It follows from (2.8) that 


0 € Te(An; a) 0 Le(An; 8) N Fe(An; 9). 


Let xv,y,a,b,u,v © X be such that x * y € Te(Ax;a), 
y € Te(Arj;a), axb € Ie(A.; 8), b € Ie(An; 8), weu € 
Fe(Ax;y) and v € Fe(Ax; 7). Then 


Ar(a) > Ar(a@xy)AAr(y) >aha=a 
Aj;(a) > Ar(a* b) A Ar(b) > BAG=B 
Ap(u) < Ar(uxv)V Ap(v) <y¥VY=7 


by (3.2), and sow € Te(Axn;a), a € Te(Ax;) and 
u © Fe(Ax;7). Hence the nonempty neutrosophic €-subsets 
Te(Ax;a@), Ie(An; 3) and Fe(An;y) are ideals of X for all 
a, 3 € (0,1) and y € 0,1). 

Conversely, let AJ = (Ar, Ar, Ar) be a neutrosophic 
set in X for which Te(Ax;a), Ie(Ax;8) and Fe(An;7) 
are nonempty and are ideals of X for all a,@ € (0,1) and 
y € [0,1). Assume that A7(0) < Ar(a), Ar(0) < Ar(y) 
and Ar(0) > Apr(z) for some z,y,z € X. Then x € 
Te(Ar; Ar(#))s y € Te(An; Ar(y)) and z € Fe(An; Ap(2)); 
that is, Te(Av; a), [e(Ax; 3) and Fe(A.;7) are nonempty. 
But 0 ¢ Te(An; Ar(2)) MTe(Aws Ar(y)) 9 Fe(An; Ar(2)), 
which is a contradiction since T-(Av; Ar(x)), Te(Ax; Ar(y)) 
and Fe(A.; Ar(z)) are ideals of X. Hence Ar(0) > Ar(x), 
A;(0) > A;(a) and Ar(0) < Ap(a) for all c € X. Suppose 


that 


Ar(z) < Ar(a * y) \ Ar(y), 
Ar(a) < Ar(ax b) A Ax(b), 
Arp(u) > Ar(uxv) V Ar(v) 


for some x, y,a,b,u,v € X. Taking a := Ar(x * y) A Ar(y), 
B:= Ay(axb) A Az(b) and y := Ap(uxv) V Ar(v) imply that 
a, € (0,1), y € [0,1), xy € Te(Av;a), y € Te(An;a), 
a*b € Ic(A.; 8), 6 € Ie(Ax; 8), ueu © Fe(Ax;7) and 
uv € Fe(Ay; 7). Buta ¢ Te(Ar;a), a € Ie(AX; GB) and u ¢ 
Fe(A.; 7). This is a contradiction since Te (Ax; a), Ie(An; 3) 
and Fe(AW; 7) are ideals of X. Thus 


Ar(a) > Ar(a*y) A Ar(y), 
Ar(x) > Ar(a * y) A Ar(y), 
Ap(x) < Ar(x *y) V Ar(y) 


for all x,y € X. Therefore AW = (Ar, Ar, Ar) is an (€, 
€)-neutrosophic ideal of X by Theorem 3.1. 














Proposition 3.3. Every (€, €)-neutrosophic ideal AV = 
(Ar, Ar, Ar) of a BCK/BClT-algebra X satisfies the follow- 


ing assertions. 
E 


(Va,y € X) (+s) | 
T(z) > Ar(y) A Ar(z) 


A 
(Va,y,z€ X) (wus: => ¢ Ar(x) > Ar(y) A Ar(z) 
Ap(x) < Ar(y) V Ar(z) 
(3.4) 


Ar(x) > Ar(y) 
(3.3) 


Proof. Let x,y € X be such that x < y. Then x « y = 0, and so 


Ar(x) > Ar(x*y) A Ar(y) = Ar(0) A Ar(y) = Ar(y), 
Aj(x) = Ar(a* y) A Ar(y) = Ar(0) A Ar(y) = Ar(y), 
Ap(x) < Ar(x*y) V Ar(y) = Ar(0) V Ar(y) = Ar(y) 


by Theorem 3.1. Hence (3.3) is valid. Let x,y,z € X be such 
that x * y < z. Then (a * y) * z = 0, and thus 


Ar(x) 2 Ar(x* y) A Ar(y) 
2 (Ar((a * y) * z) A Ar(z)) A Ar(y) 
2 (Ar(0) A Ar(z)) A Ar(y) 
2 Ar(z) A Ar(y), 


~ 
~ 

Pitt 
= 


Ay(x*y) A Ary) 

Ay((a * y) * 2) A Ar(z)) A Ar(y) 
Aj;(0) A Ar(z)) A Ar(y) 

1(z) A Ar(y) 


IV IV IV IV 


~~ 
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and 


bs 
os 
a 


Ap(z*y) V Ar(y) 

Ar((x* y) *z) V Ar(z)) V Ar(y) 
Ap(0) V Ar(z)) V Ar(y) 

F(z) V Ar(y) 


— 


IN IA IA IA 


= 





by Theorem 3.1. 











Theorem 3.4. Any ideal of a BCK/BCI-algebra X can be re- 
alized as level neutrosophic ideals of some (€, €)-neutrosophic 


ideal of X. 


Proof. Let I be an ideal of a BCK/BCI-algebra X and let 
A. = (Ar, Az, Ar) be a neutrosophic set in X given as fol- 
lows: 


a ifzel, 


Ap: X > [0,1], r { 0 otherwise, 


. 6B ifeel, 
A;: X — [0,1], oof 0 otherwise, 


y ifzel, 


Ap: X— [0,1], tr { 1 otherwise 


where (a, (3, 7) is a fixed ordered triple in (0, 1] x (0, 1] x 
Then Te(Ar;a) = I, Ie(Ax; 8) = I and Fe(An;y) = I. 
Obviously, Ar(0) > Ar(ax), Ar(0) > Ar(a) and Ap(0) < 
Ap(a) foralla € X. Leta,y © X.Ifaxy € Iandy € J, then 
x € I. Hence 


Ar(x*y) = 
A;(x * y) 
Ap(a * y) 


(0, 1). 


Ar(y) 
Ar(y) 
= Ar(y) 


= Ar(x) =a, 
Aj(x) = 8, 
= Ap(z) =7, 








and so 


r(xz*y) \Ar(y), 
r(x * y) A Ar(y), 


>A 
< Ar(x* y) V Ap(y). 


Ifaxy ¢Iandy ¢ J, then 


Ar(x*y) = Ar(y) =90, 
Ay(a * y) = Ar(y) = 90, 
Apr(a*y) = Ar(y) =1. 


Thus 


Ar(z*y) A Ar(y), 
Ay(a*y) A Ar(y), 
Ap(a*y) V Ar(y). 


Ifxxy € Tandy ¢ J, then 
Ar(a * y) = aand Ar(y) = 0, 
A;(x * y) = Band A;(y) = 0, 
Ap(a*y) = yand Ar(y) = 1, 


It follows that 


Ar(x) > 0 = A(x *y) A Ar(y), 
Ay(z) >0= Ar(x xy) A Ar(y), 
Ap(x) <1= Ap(ax *y) V Ar(y). 


Similarly, if x * y ¢ I and y € I, then 
Ar(x) 2 Ar(a*y) A Ar(y), 
Ay(a) = Ay(x*y) A Ar(y), 
Ar(x) < Ar(x*y) V Ar(y). 


Therefore AL = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal 
of X by Theorem 3.1. This completes the proof. 














Lemma 3.5 ([5]). A neutrosophic set A. = (Ar, Ay;, Apr) ina 
BCK/BCtT-algebra X is an (€, €)-neutrosophic subalgebra of 
X if and only if it satisfies: 


Ar(a*y) > Ar(x) A Ar(y) 
Ar(x *y) > Ar(x) A Ar(y) 
Ar(x *y) < Ar(x) V Ar(y) 


(Va,y € X) (3.5) 


Theorem 3.6. In a BC K-algebra, every (€, €)-neutrosophic 
ideal is an (€, €)-neutrosophic subalgebra. 


Proof. Let AJ = (Ar, Ar, Ar) bean (€, €)-neutrosophic ideal 
of a BC K-algebra X. Since x*y < x forall x,y € X, it follows 
from Proposition 3.3 and (3.2) that 


Ar(x *y) = Ar(a) > Ar(z*y) A Ar(y) 
Ay(x *y) = Ar(x) > Ay(x@*y) A Ar(y) = 
Ap(a*y) < Ar(x) < Ar(x* y) V Ar(y) 


2 Ar(x) A Ar(y), 
Ar(x) A A7(y), 

< Ap(z) V Ap(y). 
Therefore A. = (Ar, Ar, Ar) is an (€, €)-neutrosophic subal- 
gebra of X by Lemma 3.5. 














The following example shows that the converse of Theorem 
3.6 is not true in general. 


Example 3.7. Consider a set X = {0,1,2,3} with the binary 
operation * which is given in Table 1. 

Then (X; *, 0) isa BC K-algebra (see [6]). Let A 
Af) be a neutrosophic set in X defined by Table 2 
It is routine to verify that AL = (Ar, Ar, Ap) is an (€, €)- 
neutrosophic subalgebra of X. We know that J<(A.~; 3) is an 
ideal of X for all 6 € (0,1). If a € (0.3, 0.7], then Te(AV; a) = 
{0,1,3} is not an ideal of X. Also, if y € [0.2,0.8), then 
Fe(An;y) = {0,1,3} is not an ideal of X. Therefore AW 
(Ar, Ar, Ar) is not an (€, €)-neutrosophic ideal of X by The- 
orem 3.2. 


= (Ar, Ar, 
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“cc x” 


Table 1: Cayley table for the binary operation 








* 0 1 2 3 
0 0 0 0 0 
1 1 0 0 1 
2 2 1 0 2 
3 3 3 3 0 
Table 2: Tabular representation of AL = (Ar, Ay, Ar) 
0 0.7 0.9 0.2 
1 0.7 0.6 0.2 
2 0.3 0.6 0.8 
3 0.7 0.4 0.2 


We give a condition for an (€, €)-neutrosophic subalgebra to 
be an (€, €)-neutrosophic ideal. 


Theorem 3.8. Let A. = (Ar, Ar, Ar) be a neutrosophic set 
ina BCK-algebra X. If AL = (Ar, Ar, Ar) is an (€, €)- 
neutrosophic subalgebra of X that satisfies the condition (3.4), 
then it is an (€, €)-neutrosophic ideal of X. 


Proof. Taking x = y in (3.5) and using (III) induce the condition 
(3.1). Since x * (a*y) < y forall x, y €_X, it follows from (3.4) 
that 


A(x) > Ar(x*y) A Ar(y), 
Ay(x) > Ar(a* y) A Ar(y), 
Ap(x) < Ap(a* y) V Ar(y) 


for all z,y € X. Therefore AL = (Ar, Ay, Apr) is an (€, 
€)-neutrosophic ideal of X by Theorem 3.1. 














Theorem 3.9. Let {D; | k € AT UA! UA" be a collection of 
ideals of a BCK/BCI-algebra X, where AT, A! and AF are 
nonempty subsets of [0,1], such that 


X ={Da|a€AT}U{Dg | BE A}U{D, | 7 E A*}, 
(3.6) 


(Vig EATUATUAT) GG > 7 & DC D;). (3.7) 





Let AJ = (Ar, Ar, Ar) be a neutrosophic set in X defined as 
follows: 
Ar: X > [0,1], cz V{ae AT | a2 € Dol, 
Ay: X — [0,1], e+ V{G EA" | x € Dg}, (3.8) 
Ap: X > [0,1], 7 A{ye A® | re Dy}. 
Then Av = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal of X. 


Proof. Let a, 3 € (0,1) and € [0, 1) be such that Te(Ar; a) # 
0, Te(Axn; 8B) 4 O and Fe(An;y) 4 0. We consider the follow- 


ing two cases: 


a=\/{ie AT |i<a}andas¢ \/{ie AT |i <a}. 
First case implies that 


xé€ Te(Ax;a) 2 € D; foralli<a (3.9) 
2a En{D; |i < a}. , 
Hence Te(Av; a) = N{D, | i < a}, which is an ideal of X. For 
the second case, we claim that Te(A.;a) = U{D; | i > a}. 
If « € U{D; | «1 > a}, then « € D; for some i > a. Thus 
Ar(x) >i > a,andso x € Te(Ax;a). If x ¢ U{D; |i => a}, 
then x ¢ D;, for alli > a. Sincea # V{i € AT | i < a}, 
there exists ¢ > 0 such that (a — e,a) NM A? = 0. Hence x ¢ D; 
for all 2 > a@ — «, which means that if x € D; theni < a—e. 
Thus Ap(a%) < a—e€ < a,andsoa ¢ Te(A,;a). Therefore 
Te (Ax; a) = U{D; | i > a} which is an ideal of X since {Dx } 
forms a chain. Similarly, we can verify that [<(A,; 3) is an ideal 
of X. Finally, we consider the following two cases: 


y= {ge A? |y< sandy # Afi € AP | y <5}. 


For the first case, we have 


xv € Fe(Ax; 7) & « € D; for all j > 7 (3.10) 

a EN{D;|j >}, 
and thus Fe(Ax;y) = N{D; | 7 > y} which is an ideal of X. 
The second case implies that Fe(Aw;) = U{D; | j < y}. In 
fact, if ¢ € U{D; | j < y}, then « € D, for some j < +. Thus 
Ap(z) <j < 7, thatis, ¢ € Fe(A.;7y). Hence U{D; | 7 < 
y} C Fe(Ay;7). Now if « ¢ U{D; | 7 < y}, then x ¢ D, for 
all 7 < y. Since y 4 A{j € A¥ | y < jh}, there exists ¢ > 0 
such that (y, y+e)NA” is empty. Hence x ¢ D; forall j < y+e, 
and soif x € Dj, then j > y+e. Thus Ap(x) > y+e > 7, and 
hence « ¢ Fe(Ax; 7). Thus Fe(Ax;y) C U{D; | 7 < x}, and 
therefore Fe(Ax;y) = U{D; | 7 < y} which is an ideal of X. 
Consequently, AL = (Ar, Ar, Ap) is an (€, €)-neutrosophic 
ideal of X by Theorem 3.2. 














A mapping f : X — Y of BCK/BClI-algebras is called 
a homomorphism if f(a * y) = f(x) * f(y) for all x,y € X. 
Note that if f : X — Y is a homomorphism of BCK/BCI- 
algebras, then f(0) = 0. Given a homomorphism f : X > Y 
of BC K/BC1-algebras and a neutrosophic set AL = (Ar, Ar, 
Ap) in Y, we define a neutrosophic set A!) = (Aq, A, Af ) in 
X, which is called the induced neutrosophic set, as follows: 


Ar 
Ay 
Ap 


:X — [0,1], rH Ar(f(x)), 
:X — [0,1], rc Ar(f(2)), 
:X — [0,1], c+ Ap(f(z)). 


Theorem 3.10. Let f X — Y be a homomorphism of 
BCK/BClT-algebras. If AX = (Ar, Ar, Ar) is an (€, 
€)-neutrosophic ideal of Y, then the induced neutrosophic set 
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Af = (AL, Af, AL) in X is an (€, €)-neutrosophic ideal of X. 


Proof. For any x € X, we have 


Af (x) = Ar(f(x)) < Ar(0) = Ar(f(0)) = Af(0), 
Af (a) = Ar(f(x)) < Ar(0) = Ar(f(0)) = Af (0), 
AL (x) = Ar(f(a)) > Ar(0) = Ar(f(0)) = A£(0). 


Let x,y € X. Then 


and 


Therefore Af, = (Af, AJ, AZ) is an (€, €)-neutrosophic ideal 
of X by Theorem 3.1. 














Theorem 3.11. Let f : X — Y be an onto homomorphism of 
BCK/BCI-algebras and let AW = (Ar, Ar, Ar) be a neutro- 
sophic set in Y. If the induced neutrosophic set AL, = (Ag, A. 
Af) in X is an (€, €)-neutrosophic ideal of X, then A. = (Ar, 
Ay, Ap) is an (€, €)-neutrosophic ideal of Y. 


Proof. Assume that the induced neutrosophic set Af, = (Af, 
Af, Af) in X is an (€, €)-neutrosophic ideal of X. For any 
x € Y, there exists a € X such that f(a) = x since f is onto. 
Using (3.1), we have 


Ar(a) = Ar(f(a)) = Af (a) < Ab(0) = Ar(f(0)) = Ar(0), 
Ar(a) = Ar(f(a)) = Af (a) < AF(0) = Ar(f(0)) = Ar(0), 
Ap(«) = Ar(f(a)) = Af(a) > AL(0) = Ar(f(0)) = Ar(0) 


Ar(x) = Ar(f(a)) = Af(a) 
ie 

*b)) A Ar(f(b)) 
) * f(b) A Ar(f(0)) 
y) A Ar(y), 


( 
( 


8 
%* 


and 


f(a)) = AL (a) 
«b) V AL(b) 

(a * b)) V Ar(f(d)) 
(a) * f(b)) V Ar(f(0)) 
*«y) V Ar(y). 


Therefore AL = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal 
of Y by Theorem 3.1. 














Let N(c,<)(X) be the collection of all (€, €)-neutrosophic 
ideals of X and let a, 3 € (0,1] and y € [0,1). Define binary 
relations R4, RE and Rj, on N(¢,<)(X) as follows: 


ArRpBr @ Te(Av;a) = Te( Bx; a) 
ARE Br  Te(Ax; 8) = Te(Bx; 8) 
ApRpBr @ Fe(Ax;7) = Fe(Bx;7) 


(3.11) 


for all Aw 
Ne,e)(X). 

Clearly RF, RE and Rj, are equivalence relations on 
N(e,e)(X). For any AV = (Ar, Az, Ar) © N(e,e)(X), 
let [Av]r (resp., [Ax]; and [A.]) denote the equivalence 
class of AY = (Ar, Az, Ar) in Nic,c)(X) under RF (resp., 
Ri and R},). Denote by Nic,c)(X)/R#, Nee) (X)/RF and 
Ne,e)(X)/RF the collection of all equivalence classes under 


= (Ar, Ar, Ar) and BL = (Br, Br, Br) in 


Ps Re and Bos respectively, that is, 


Ne,e(X)/Re = {[Anlr | Ax 
N(e,e)(X)/Rp = {[An]r | An 
N(e,e)(X)/Re = {[An] # | An 


Now let Z(X) denote the family of all ideals of X. Define 
maps fo, gg and h, from N(¢,<)(X) to Z(X) U {0} by 

fo(Ar) = Te(A~; a), ga(A~) = Te(A~; 2) and 

h(An) = Fe(An;), 
respectively, for all AL = (Ar, Ay, Ar) in Ne,c)(X). Then 
fas gg and h., are clearly well-defined. 


= (Ar, Ar, Ar) € N(e,e)(X), 
= (Ar, Ar, AF) € Ne,e)(X), 
= (Ar, Ar, Ar) € Me,e)(X). 


Theorem 3.12. For any a, € (0,1] and y € [0,1), the maps 
fos gg and hy are surjective from N(¢,c)(X) to T(X) U {O}. 


Proof. Let 0~ := (Or, 07, 1) be a neutrosophic set in X where 
Or, Or and 1p are fuzzy sets in X defined by Or(x) = 0, 
Or(z) = O and 1p(x) = 1 for all e € X. Obviously, 
OV := (Or, 07, lr) is an (€, €)-neutrosophic ideal of X. 
Also, fa(0~) = Te(0~3@) = 0, 96(0~) = Ie(0~;8) = 0 
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and h,(0.) = Fe(O.;7) = @. For any ideal I of X, let 
A, = (Ar, Ar, Ar) be the (€, €)-neutrosophic ideal of X 
in the proof of Theorem 3.4. Then fo(Av) = Te(Axv;a) = I, 
gg(A~) = Ie(An; 8) = Pand h,(A.) = Fe(Anjy) = 2. 
Therefore f,., gg and h., are surjective. 














Theorem 3.13. The quotient _ sets 
Nie,e)(X)/RF and Nie,e)(X)/Rp are 
Z(X) U {0} for any a, 8 € (0,1) and y € [0,1). 


Ne, (X)/RF, 


equivalent to 


Proof. Let AY = (Ar, Ar, Ar) € Nie,e)(X). For any a, 3 € 
(0, 1] and y € [0, 1), define 


fa: Me,e(X)/R% > T(X) vu {0 
9%: Ne,e(X)/Re 7 1(X een 
U 


hy: Ne,e)(X)/RE > TX) 


}, [Av]2 > fa(A~), 
}, [An]r > ga(An), 
O}, [Ax]e + hy(An). 


Assume that fa(Ar) = fo(Br), ge(A~) = ge(Bx) and 
hy(An) = hy(Ba) for By = (Br, By Beye Neg: 
Then Te(Aw;a) = Te(Bui@), Te(Ax;8) = Te(By; 8) and 
Fe(Av;7) = Fe(Bx;y) which imply that ArRPBr, ArR? Br 
and ArRLBr. Hence [Avr = [Bu], [An]r = [Bw]r 
and [A.|~ = [B.]r. Therefore f2, g3 and h* are injec- 
tive. Consider the (€, €)-neutrosophic ideal 0. := (Or, Or, 
lr) of X which is given in the proof of Theorem 3.12. Then 
fA(O~]r) = fa(O~) = Te (0~; a) = 0, 95 ([0~]1) = ga(0~) = 
Te(0x;8) = 0, and hz ((0vJr) = hy(0x) = Fe(0~:1) = 

For any ideal I of X, consider the (€, €)-neutrosophic ideal 
Aw = (Ar, Ar, Ar) of X in the proof of Theorem 3.4. Then 
flAv]r) = fao(Ar) = Te(Arse) = J, 95([A~]r) = 
ga(A~) = Ie(Ar;B) = 1, and he((A]p) = hy(An) = 
Fe(Ax;7) = I. Hence f>, gj and h* are surjective, and the 
proof is over. 














For any a, 3 € [0,1], we define another relations Ry and Rg 
on N(¢,<)(X) as follows: 


(Ar, Br) € Ra & Te(Anr;a)M Fe(Ax; a) 

= Te(Br;a)N Fe(Bx; a), 
(An, Bu) € Re > Ie(A~; 8) 1 Fe(An; 8) 

= Ie(Bu; 8) N Fe (Bn; 2) 


for all Aw = (Ar, Ay, Ar) and BL = (Br, By, Br) in 
N(e,e)(X). Then the relations R., and Rg are also equivalence 
relations on Nc ,<)(X). 


(3.12) 


Theorem 3.14. Given a, 3 € (0,1), we define two maps 


at Nee (X areas ve 
ga: Nee\(X 1 (x)U}, OY) 
+> gp(A~) 0 he(A~) 
for each A. = (Ar, Ar, Ar) € N(e,e)(X). Then Yq and veg 


are surjective. 


Proof. Consider the (€, €)-neutrosophic ideal 0. := (Or, Or, 
1p) of X which is given in the proof of Theorem 3.12. Then 


~alO~) = fa(Or) A ha(Or) = Te (Or; a) Fe(Or; a) = 0, 
pa(0~) = ge(0~) Nhe(O~) = Te (Or; 8) N Fe (Or; B) = 0. 


For any ideal I of X, consider the (€, €)-neutrosophic ideal 
Aw = (Ar, Ar, Ar) of X in the proof of Theorem 3.4. Then 


Po( An) = folAe) N ha(An) 
= Te(Avja)N Fe(Av; a) =I 


and 


pp(Ar) = ge(A~) Nhe(An) 


Te (Aw; 8) N Fe(A~; 8) = I. 











Therefore q and yg are surjective. 





Theorem 3.15. For any a,@ € (0,1), the quotient sets 
Ne,e)(X)/Ya and Nie,e)(X)/pe are equivalent to T(X) U 
{O}. 


Proof. Given a, 3 € (0,1), define two maps ~% and 7% as fol- 
lows: 


ga? Ne,e)(X)/Pa > TX) U {9}, [Ar]r. > YalAn), 
9% Ne,e)(X)/96 > T(X) U {O}, [Anr}rg > ¥e(AQ). 
If pi ([A-lr.) = #5 ([B-]r.) and 9% ([Arlrs) = 
v5 ([Br]r5) for all [Av]r.,[Br]r. € Ne,e)(X)/Ya and 
[Avlre> [Baltes c Ne,e)(X)/¥~; then 
fo(Ar) OM Ra(Ax) = fa(Br) M ha( Br) 
and 
gp(Ax) Nhe(Ar) = ge(Br) O he(By), 
that is, 


Te (Anja) 1 Fe(An; a) = Te(Buj a) 9 Fe( Bw; a) 


and 


Te (An; B) N Fe(An; 8) = Te (Bx; 8) 1 Fe (Bn; 6). 
Hence (Av, Bu) € Ra and (Ax, Bu) € Rg. It follows that 
[Av]r. = [Bx]r, and [Ax]r, = [Br]r,. Thus pi and y% 
are injective. Consider the (€, €)-neutrosophic ideal 0. := (Or, 
07, 1~) of X which is given in the proof of Theorem 3.12. Then 


Ya ((Or}ra) = PalO~) = fa(Or) A Re(O~) 
Te(0.;a) 9 Fe(0r;a) = 0 
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and 


9% (Orr) = ¥a(0r) = ga(0~) N hg (On) 
= Ie(0.; 8) N Fe(0~; B) = 9. 


For any ideal I of X, consider the (€, €)-neutrosophic ideal 
Aw = (Ar, Ar, Ar) of X in the proof of Theorem 3.4. Then 


La ([Ax}R.) = Yal(An) = fa(A~) A ha(An) 
=Te(Arja)N Fe(Ax;a) =I 


and 


9 ([A~]r,) = 9a(A~) = ga(A~) 9 ha(An) 


= Te(An; 8) fel Ani 8) =I. 


Therefore vy, and vy; are surjective. This completes the proof. 
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Abstract: The notions of a commutative (€, €)-neutrosophic ideal 
and a commutative falling neutrosophic ideal are introduced, and 
several properties are investigated. Characterizations of a commu- 
tative (€, €)-neutrosophic ideal are obtained. Relations between 
commutative (€, €)-neutrosophic ideal and (€, €)-neutrosophic 
ideal are discussed. Conditions for an (€, €)-neutrosophic ideal to 


be a commutative (€, €)-neutrosophic ideal are established. Rela- 
tions between commutative (€, €)-neutrosophic ideal, falling neu- 
trosophic ideal and commutative falling neutrosophic ideal are con- 
sidered. Conditions for a falling neutrosophic ideal to be commuta- 
tive are provided. 


Keywords: (commutative) (€, €)-neutrosophic ideal; neutrosophic random set; neutrosophic falling shadow; (commutative) falling neutrosophic ideal. 


1 Introduction 


Neutrosophic set (NS) developed by Smarandache [!1, 12, 
13] is a more general platform which extends the concepts 
of the classic set and fuzzy set, intuitionistic fuzzy set and 
interval valued intuitionistic fuzzy set. | Neutrosophic set 
theory is applied to various part which is refered to the 
site http://fs.gallup.unm.edu/neutrosophy.htm. Jun, Borumand 
Saeid and Oztiirk studied neutrosophic subalgebras/ideals in 
BCK/BCtT-algebras based on neutrosophic points (see [1], [6] 
and [10]). Goodman [2] pointed out the equivalence of a fuzzy 
set and a class of random sets in the study of a unified treatment 
of uncertainty modeled by means of combining probability and 
fuzzy set theory. Wang and Sanchez [| 6] introduced the theory of 
falling shadows which directly relates probability concepts with 
the membership function of fuzzy sets. The mathematical struc- 
ture of the theory of falling shadows is formulated in [17]. Tan et 
al. [14, 15] established a theoretical approach to define a fuzzy 
inference relation and fuzzy set operations based on the theory of 
falling shadows. Jun and Park [7] considered a fuzzy subalgebra 
and a fuzzy ideal as the falling shadow of the cloud of the sub- 
algebra and ideal. Jun et al. [8] introduced the notion of neutro- 
sophic random set and neutrosophic falling shadow. Using these 
notions, they introduced the concept of falling neutrosophic sub- 
algebra and falling neutrosophic ideal in BC K/BCI-algebras, 
and investigated related properties. They discussed relations be- 
tween falling neutrosophic subalgebra and falling neutrosophic 
ideal, and established a characterization of falling neutrosophic 
ideal. 


In this paper, we introduce the concepts of a commutative (€, 
€)-neutrosophic ideal and a commutative falling neutrosophic 
ideal, and investigate several properties. We obtain characteri- 


zations of a commutative (€, €)-neutrosophic ideal, and discuss 
relations between a commutative (€, €)-neutrosophic ideal and 
an (€, €)-neutrosophic ideal. We provide conditions for an (€, 
€)-neutrosophic ideal to be a commutative (€, €)-neutrosophic 
ideal, and consider relations between a commutative (€, €)- 
neutrosophic ideal, a falling neutrosophic ideal and a commu- 
tative falling neutrosophic ideal. We give conditions for a falling 
neutrosophic ideal to be commutative. 


2 Preliminaries 


A BCK/BCI-algebra is an important class of logical algebras 
introduced by K. Iséki (see [3] and [4]) and was extensively in- 
vestigated by several researchers. 


By a BC I-algebra, we mean a set X with a special element 0 
and a binary operation * that satisfies the following conditions: 


() (Wa,y,2z € X) (((a*y) * (w* z)) *(z*y) = 0), 
(I) (Va,y € X) ((a* (a *y)) *y = 0), 

(ID) (Va € X) (axa =0), 

(IV) (Va,yEX)(axy=0,yxx=0 > r=y). 
Ifa BCI-algebra X satisfies the following identity: 


(V) (Va € X) (0x2 =0), 


then X is called a BC K-algebra. Any BCK/BCI-algebra X 
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satisfies the following conditions: 


(V2 E X)(xx0=2), (2.1) 

LOY > UKZLY*Z 
(Vey2ex)( SEU 2 or eure | (2.2) 
(2.3) 


(Va,y,2 €X)((wxy)*z=(x*z) xy), 
((a* z 


(Va,y,2 € X) )*(yxz) Say) (2.4) 


where x < y if and only if x * y = 0. A nonempty subset S of a 
BCK/BCT-algebra X is called a subalgebra of X ifuxyES 
for all x,y € S. A subset I of a BCK/BCI-algebra X is called 
an ideal of X if it satisfies: 


OeT, 
(V~eE X)(VyeT(axyel > cel). 


(2.5) 
(2.6) 
A subset I of a BC’K-algebra X is called a commutative ideal 
of X if it satisfies (2.5) and 
(axy)*ezET,zeI > xx(yx(yxa)) el (2.7) 
forall z,y,z EX. 


Observe that every commutative ideal is an ideal, but the con- 
verse is not true (see [9]). 


We refer the reader to the books [5, 9] for further information 
regarding BC kK / BC I-algebras. 


For any family {a; | i € A} of real numbers, we define 


VV {ai |7 € A} := sup{a; | i € A} 
and 
/\fai | i € A} = inf {a; | i € A}. 
If A = {1,2}, we will also use a; V az and a, A az instead of 
V{a; | i € A} and A{a; | i € A}, respectively. 


Let X be a non-empty set. A neutrosophic set (NS) in X (see 
[12]) is a structure of the form: 


A:= {(x; Ap(2), Ay(e), Ap(a)) | @ € X} 


where Ar : X — [0,1] is a truth membership function, 
A; : X — [0,1] is an indeterminate membership function, and 
Ap : X — [0,1] is a false membership function. For the sake of 
simplicity, we shall use the symbol A = (Ar, Ar, Ar) for the 
neutrosophic set 


A:= {("; Ar(x), Ar(x), Ar(a)) |x € X}. 


Given a neutrosophic set A = (Ary, Ay, Ar) inaset X, a, € 


(0, 1] and y € [0, 1), we consider the following sets: 


Te(A; a) := {x € X | Ar(x) > a}, 
Te(A; 8) = {x € X | Ar(x) 2 GB}, 
Fe(A;7) = {@ € X | Ar(a) < 7}- 


We say Te(A; a), Ie(A; 3) and Fe(A;) are neutrosophic €- 
subsets. 

A neutrosophic set A = (A7z,A;z,Ar) in a BCK/BCI- 
algebra X is called an (€, €)-neutrosophic subalgebra of X (see 
[6]) if the following assertions are valid. 


re Te(A;az), y € Te(A; ay) 
=> exyeTe(Ajaz Aay), 
DE I¢(A; Br), y € Ie(A; By) 
=> z*y € Ie(A; Bz A By), 
x € Fe(A;y2), y € Fe(A; y) 
=> cxy © Fe(Aj; ya V Vy) 


(Va,y € X) (2.8) 


for all az, Ay, Bz, By € (0, 1] and yz, Yy € [0, 1). 

A neutrosophic set A = (Ar,Arz,Ar) in a BCK/BCI- 
algebra X is called an (€, €)-neutrosophic ideal of X (see [10]) 
if the following assertions are valid. 


x€ Te(A;ar) > 0€ Te(A; az) 
x € Ig(A; Bx) > 0 € Ie(A; Be) 
v€ Fe(A;y2) = 0€ Fe(A; 72) 


(Va € X) (2.9) 


and 


rey €Te(Asaz), y € Te(A; ay) 
=> © € Te(Aja, Aa,) 

a*y €Ie(A; Be), y € Te (A; By) 
=> £€1e(A; Bz A By) 

oxy € Fe(A;yx), y € Fe(A; yy) 
=> © Fe(Aj ya V Wy) 


(Va,y € X) (2.10) 


forall @,;0,,,05,8,¢ (0,1) and, 7% (0,1). 


In what follows, let X and P(X) denote a BCK/BCI- 
algebra and the power set of X, respectively, unless otherwise 
specified. 


For each « € X and D € P(X), let 


E:= {Ce P(X) | xe Ch, (2.11) 


and 


D:= {z|ax€ D}. (2.12) 
An ordered pair (P(X),) is said to be a hyper-measurable 
structure on X if B is a o-field in P(X) and X C B. 


Given a probability space (0,.A, P) and a hyper-measurable 
structure (P(X), B) on X, a neutrosophic random set on X (see 
[8]) is defined to be a triple € := (€7, €r, €) in which 7, €; and 
€p are mappings from 2 to P(X) which are A-G6 measurables, 
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that is, forall x,y,z € X, Az, Ay, Bx, By € (0,1) and ya, yy € [0, 1). 
f- (C) = {wr €0|ér(wr) Ee ChEA Example 3.2. Consider a set X = {0,1,2,3} with the binary 
(VC € B) eC) = ier EN | eleyecCteA operation * which is given in Table |. 


ee (C) = {wr EX | Ep(wp) E Ch EA 
(2.13) 


Given a neutrosophic random set € := (€r, €r, €) on X, con- 
sider functions: 


Hr: X > [0,1], cr > Plwr | er € Er(wr)), 
Hy :X 3 (0, 1], Ll P(wr | ZrE €1(wr)), 
He: X > (0,1), cp WP 1—Plwp | wp € Ep(wp)). 


Then H := (Hr, Hy, Hp) is a neutrosophic set on X, and we 
call it a neutrosophic falling shadow (see [8]) of the neutrosophic 
random set € := (€7,&r,€r), and € := (&7,&r, €r) is called a 
neutrosophic cloud (see [8]) of H:= (Hr, Hy, Hr). 

For example, consider a probability space (Q,A,P) = 
({0, 1], A, m) where A is a Borel field on [0, 1] and m is the usual 
Lebesgue measure. Let H:= (Hr, Hy, Hr) be a neutrosophic 
set in X. Then a triple € := (€7, €7,€) in which 


Er: [0,1] = P(X),ar T.(H; Q), 
é1: 0,1] > P(X), 8 Te(H; 8), 
ép : [0,1] + P(X), y+ Fe(H;7) 


is a neutrosophic random set and € := (&7,&7,€r) is a neu- 
trosophic cloud of A := (Hr, Hr, Hr). We will call € := 
(Er, €r, €r) defined above as the neutrosophic cut-cloud (see [8]) 
of H = (Hr, Hy, Hr). 

Let (Q,.A, P) be a probability space and let € := (7,1, Er) 
be a neutrosophic random set on X. If €r(wr), €;(wy) and 
€(wp) are subalgebras (resp., ideals) of X for allwr, wy, wr € 
Q, then the neutrosophic falling shadow H := (Hr, H,,H F) 
of € := (€7,&r,€r) is called a falling neutrosophic subalgebra 
(resp., falling neutrosophic ideal) of X (see [8]). 


3 Commutative (€, €)-neutrosophic 
ideals 


Definition 3.1. A neutrosophic set A = (Ar,A;,Ap) in a 
BCK-algebra X is called a commutative (€, €)-neutrosophic 
ideal of X if it satisfies the condition (2.9) and 


(cx y)*z€ Te(Ajaz), 2 € Te(A; ay) 

=> ox (y*(y*x)) € Te(Aj az A ay) 
(x*y)*z € Ic(A; Bx), z © Ie(A; By) 

= xx (y*(y*a)) € Ie(A; Gz A By) 
(x*y)*z€ Fe(Aj; yx), 2 © Fe(Aj yy) 

=> ox (y* (y*z)) € Fe(A; ye V Yy) 


(3.1) 


6699 


Table 1: Cayley table for the binary operation “x 





* 0 1 2 3 
0 0 0 0 0 
1 1 0 0 1 
2 2 1 0 2 
3 3 3 3 0 


Then (X;%,0) is a BC'K-algebra (see [9]). Let A = 
(Ar, Ay, Ar) be a neutrosophic set in X defined by Table 2 


Table 2: Tabular representation of A = (Ar, A;, Ar) 





xX Ar(x) A;(x) Ar(2) 
0 0.7 0.9 0.2 
1 0.3 0.6 0.8 
2 0.3 0.6 0.8 
3 0.5 0.4 0.7 


It is routine to verify that A = (Ar, A;, Ar) is a commutative 
(€, €)-neutrosophic ideal of X. 


Theorem 3.3. For a neutrosophic set A = (Ar, Ar1,Ar) ina 
BC K-algebra X, the following are equivalent. 


(1) The non-empty €-subsets Te(A; a), Ie(A; 3) and Fe(A; 7) 
are commutative ideals of X for all a, 8 € (0,1) andy € 
(0, 1). 


(2) A= (Apr, Ar, Ar) satisfies the following assertions. 


Ar(0) > Ar(z) 
A;(0) > Ar(z) 
Ap(0) < Ap(x) 


(Vx € X) (3.2) 


and for allx,y,z€ X, 


Ar (x * (y * (y *2))) 


(3.3) 


Proof. Assume that the non-empty €-subsets Té(A;a), 
I-(A;) and Fe(A;7) are commutative ideals of X for all 
a, 3 € (0,1) and y € [0,1). If Ar(0) < Ar(a) for some a € X, 
then a € Te(A;Ar(a)) and 0 ¢ Te(A;Ar(a)). This is a 
contradiction, and so Ar(0) > Ar(x) for all « € X. Similarly, 
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Ar(0) > Ar(x) for all a € X. Suppose that Ar (0) > Ar(a) for 
some a € X. Thena € Fe(A; Ar(a)) and0 ¢ Fe(A; Ar(a)). 
This is a contradiction, and thus Ar(0) < Ap(zx) for all x € X. 
Therefore (3.2) is valid. Assume that there exist a,b,c € X such 
that 

Ar(ax (b* (b* a))) < Ar((a* b) *c) A Ar(c). 


Taking a := Ar((a* b) *c) A Ar(c) implies that (a * b) *c € 
Te(A;a) and c € Te(A;a) but a * (b* (bx a)) ¢€ Te(A; a), 
which is a contradiction. Hence 


Arp (x * (y* (y*a))) = Ar((z* y) * 2) A Ar(z) 
for all x,y, z € X. By the similar way, we can verify that 
Ar(ax * (y * (y* x))) 2 Ar(( *y) * 2) A Ar(z) 
for all x,y, z € X. Now suppose there are x, y, z € X such that 
Ap(ax * (y * (y*x))) > Ar((x* y) * z) V Ap(z) := 7. 


Then (axy)*z € Fe(A;y) and z € Fe(A; 7) but xx(yx(yxx)) ¢ 
F-(A; 7), a contradiction. Thus 


Ap(a * (y* (y*2))) S Ar((a *y) * z) V Ar(z) 


forall z,y,z€ X. 


Conversely, let A = (Ar, Ar, Ar) be a neutrosophic set in X 
satisfying two conditions (3.2) and (3.3). Assume that T-(A; a), 
I-(A; 8) and Fe(A;-+) are nonempty for a, 3 € (0,1] and y € 
(0,1). Leta € Te(A;a), a € Ie(A;B) and u € Fe(A;7) 
for a,@ € (0,1] and y € [0,1). Then A7(0) > Ar(x) > a, 
A,(0) => Aj;(a) = B, and Ar(0) < Apr(u) < y by (3.2). It 
follows that 0 € Te(A; a), 0 € Ie (A; G) and 0 € Fe(A;7). Let 
a,b,c € X be such that (a*b) *c € Te(A; a) andc € Te(A; a) 
for a € (0, 1]. Then 


Ar(ax (b* (bx a))) > Ar((a*b) xc) A Ar(c) >a 


by (3.3), and so a * (b* (b* a)) € Te(A;a). If (ax y)*z € 
I-(A; 8) and z € Ie(A; 8) for all x,y,z € X and @ € (0,1], 
then A;((a x y) * z) > Band A;(z) > (3. Hence the condition 
(3.3) implies that 


Ar(a * (y * (y*x))) 2 Ar((@ * y) * 2) A Ar(z) 2 B, 
that is, x * (y * (y * x)) € Ie(A; @). Finally, suppose that 
(a * y) *z © Fe(A;74) and z € Fe(A;7¥) 


for all x,y, z © X and y € (0, 1]. Then Ar((a * y) * z) < y and 
Ap(z) <4, which imply from the condition (3.3) that 


Ap (a * (y* (y* @))) < Ar((a *y) * 2) V Ar(z) <7. 


Hence x « (y* (y* a)) € Fe(A; 7). Therefore the non-empty €- 


subsets Te (A; a), Ie (A; G) and Fe (A; y) are commutative ideals 
of X for all a, 3 € (0, 1] and y € (0, 1). 














Theorem 3.4. Let A = (Ar, Ar, Ar) be a neutrosophic set in 
a BCK-algebra X. Then A = (Ar, Ay, Ar) is a commutative 
(€, €)-neutrosophic ideal of X if and only if the non-empty neu- 
trosophic €-subsets Te(A; a), Ie(A; 3) and Fe(A;y) are com- 
mutative ideals of X for all a, 3 € (0,1] and y € [0,1). 


Proof. Let A = (Ar,Ar, Ar) be a commutative (€, €)- 
neutrosophic ideal of X and assume that T- (A; a), [e(A; 3) and 
Fe(A;7) are nonempty for a, 3 € (0,1] and y € [0,1). Then 
there exist x,y,z € X such that z € Te(A;a), y € Ie(A; (3) 
and z € Fe(A;7¥). It follows from (2.9) that 0 € Te(A;a), 
0 € Ie(A; 3) and 0 € Fe(A; 7). Let x,y, z,a,b,c,u,v,w © X 
be such that 


(ax y)*2z€ Te(A;a), z € Te(A; a), 
(ax b) xc € Te(A; 8B), c € Ie (A; 8), 
(uxv)*w € Fe(A; 7), w € Fe(A;7). 


Then 
x * (y*(y*x)) € Te(A;a Na) =Te(A;a), 
ax (bx (bxa)) € Ie(A; BAB) = Ie(A;8), 
ux (ux (u*u)) € Fe(A;yV 7) = Fe(Aj7) 
by (2.10). Hence the non-empty neutrosophic €-subsets 


Te(A; a), Ie(A; G) and Fe(A; 7) are commutative ideals of X 
for all a, 8 € (0,1] and y € [0,1). 

Conversely, let A = (Ar, A;, Ar) be a neutrosophic set in X 
for which T-(A; a), I-(A;) and Fe(A;y) are nonempty and 
are commutative ideals of X for all a, 8 € (0,1) and y € [0, 1). 
Obviously, (2.9) is valid. Let x,y,z € X and az,ay € (0,1) 
be such that (x * y) * z € Te(A; az) and z € Te(A;a,). Then 
(x xy) * z © Te(A; a) and z € Te(A; a) where a = az A ay. 
Since Te (A; a) is a commutative ideal of X, it follows that 


x*(y*(y*2)) € Te(A;a) = Te(A; ae A ay). 


Similarly, if (a * y) * z € Ie(A; G,) and z € I¢(A; G,) for all 
x,y,z € X and Bz, By € (0, 1], then 


x * (y*(y*2)) € Te(Aj Be A By). 


Now, suppose that (w*y)*z € Fe(A; 7a) and z € Fe(A; y,) for 
all x,y,z € X and yz, 7Yy € [0,1). Then (x * y) * z € Fe(A;7) 
and z € Fe(A;y) where y = yx V yy. Hence 


x*(y*(y*a)) © Fe(A;y) = Fe(Aj Ye V Wy) 


since F<(A;) is a commutative ideal of X. Therefore A = 
(Ar, Ar, Ar) is a commutative (€, €)-neutrosophic ideal of X. 














Corollary 3.5. Let A = (Ar, Ar, Ar) be a neutrosophic set in 
a BCK-algebra X. Then A = (Ar, Ar, Ar) is a commuta- 
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tive (€, €)-neutrosophic ideal of X if and only if it satisfies two 
conditions (3.2) and (3.3). 


Proposition 3.6. Every commutative (€, €)-neutrosophic ideal 
A= (Ar, Ar, Ar) ofa BCK-algebra X satisfies: 


xxy € Te(A;a) 

=> a (y*(y*a)) € Te(Aja) 
xx*xy € Ie(A; () 

=> x*(y*(y*2)) € Ie(A; 2B) 
xvxy € Fe(A;7) 

=> x (y*(y*ax)) € Fe(A;7) 


for all a, 3 € (0,1] andy € [0,1). 


(Va,y € X) (3.4) 


eS 





Proof. It is induced by taking z = 0 in (3.1). 











Theorem 3.7. Every commutative (€, €)-neutrosophic ideal of 
a BCK-algebra X is an (€, €)-neutrosophic ideal of X. 


Proof. Let A (Ar, Ar, Ar) be a commutative (€, €)- 
neutrosophic ideal of a BC’ K-algebra X. Assume that 


zy € Te(A;az), y € Te(A; ay), 
a*b € Ic(A; Ba), b € Ie (A; Bo), 
c#d € Fe(A; 7c), d € Fe(A; ya) 


for all x, y,a,b,c,d € X. Using (2.1), we have 
(xx O0)ey=uxye Te(Asaz), 
(ax 0)*b=axbe Ie(A; fz), 
(cx 0)*d=c*d € Fe(A;%¥). 
It follows from (3.1), (2.1) and (V) that 


r= xx0=2*(0*(0*z)) € Te(Ajaz Aay), 
a=a*x0=ax(0«(0*a)) € Ie(A; Ba A Bo), 
c=c*x0=cx(0*«(0*c)) € Fe(A;% V Ya). 


Therefore A = (Ar, A;, Ar) is an (€, €)-neutrosophic ideal of 
Xx. 














The converse of Theorem 3.7 is not true as seen in the follow- 
ing example. 


Example 3.8. Consider a set X = {0,1,2,3,4} with the binary 


operation *« which is given in Table 3 


66? 


Table 3: Cayley table for the binary operation “x 





* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 1 0 0 
2 2 2 0 0 0 
3 3 3 3 0 0 
4 4 4 4 3 0 


Then (X;%,0) is a BC'K-algebra (see [9]). Let A 
(Ar, Ar, Ar) be a neutrosophic set in X defined by Table 4 


Table 4: Tabular representation of A = (Ar, A;, Ar) 





X Ar(x) A;(x) Ar(2) 
0 0.66 0.77 0.27 
1 0.55 0.45 0.37 
2 0.33 0.66 0.47 
3 0.33 0.45 0.67 
4 0.33 0.45 0.67 


Routine calculations show that A = (Ar, Ay, Ar) is an (€, €)- 
neutrosophic ideal of X. But it is not a commutative (€, €)- 
neutrosophic ideal of X since (2 « 3) «0 € Te(A;0.6) and 0 € 
Te (A; 0.5) but 2 * (3 * (3 * 2)) ¢ Te(A;0.5 A 0.6), (1 * 3) x 
2 € I<(A;0.55) and 2 € I¢(A;0.63) but 1 * (3 « (3 *1)) ¢ 
I-(A; 0.55 A 0.63), and/or (2 * 3) x0 € Fe(A; 0.43) and 0 € 
F< (A; 0.39) but 2 * (3 * (3 *2)) ¢ Fe(A; 0.43 V 0.39). 


We provide conditions for an (€, €)-neutrosophic ideal to be 
a commutative (€, €)-neutrosophic ideal. 


Theorem 3.9. Let A = (Ar, Az, Ar) be an (€, €)-neutrosophic 
ideal of a BC’ K-algebra X in which the condition (3.4) is valid. 
Then A = (Ar, Ar, Ar) is a commutative (€, €)-neutrosophic 
ideal of X. 


Proof. Let A = (Ar, Ar, Ar) be an (€, €)-neutrosophic ideal 
of X and x,y,z € X be such that (x * y) * z € Te(A; a.) and 
z€T.(A; ay) foraz,ay € (0,1). Then rey € Te(A; ag Ady) 
since A = (Ar, Ay, Ap) is an (€, €)-neutrosophic ideal of X. 
It follows from (3.4) that x * (y * (y* a)) € Te(A;ag A ay). 
Similarly, if (a * y) * z € I¢(A;@,) and z € Ic¢(A; G,), then 
xx (y*(y*ax)) € Ie(A; Bz A By). Let a,b,c € X and ya, € 
(0,1) be such that (a * b) *c € Fe(A; ya) and c € Fe(A; Ya). 
Then a * b € Fe(A;¥a V Yo), which implies from (3.4) that 
ax (bx (b*a)) € Fe(A; 7a V Wo). Therefore A = (Ar, Ar, Ar) 
is a commutative (€, €)-neutrosophic ideal of X. 














Lemma 3.10. Every (€, €)-neutrosophic ideal A 
(Ar, Ar, Ar) ofa BC K-algebra X satisfies: 


y,z€Te(A;a) > te Te(A;a) 
y,z2€1c(A;B) > x € I¢(A; 8) 
y,z€ Fe(Ajy) > ce Fe(A;7) 


(3.5) 


for all a, B € [0,1), 7 € (0,1) and x,y,z € X witha xy < z. 
Proof. For any a, € (0,1), y € (0,1] and x,y,z € X with 
uxy <2, lety,z € Te(A;a), y,z € Ie(A;8) and y,z € 
F(A; 7). Then 


(z*y)*z=0€ Te(Aja) N1c(A; 8) Fe(A; 7) 





Y.B. Jun, F. Smarandache, M.A. Ozturk, Commutative falling neutrosophic ideals in BC'K-algebras. 


Neutrosophic Sets and Systems, Vol. 20, 2018 49 





by (2.9). It follows from (2.10) that 


Se ” 


Table 5: Cayley table for the binary operation 
a*y € Te(A; a) 9 Te(A; 8) 9 Fe(A;7) 

















* 0 1 2 3 4 

0 0 0 0 0 0 

and so that i ; ‘ ; : : 
gE Te(A;a) MN Te(A; B) N Fe(A; 2 2 1 0 2 2 

(A; a) N Te(A; B) N Fe(A; 7). : ; : : : : 

Thus (3.5) is valid. 4 4 4 4 4 0 


Theorem 3.11. In a commutative BC K-algebra, every (€, €)- 
neutrosophic ideal is a commutative (€, €)-neutrosophic ideal. 


Proof. Let A = (Ar, Ar, Ar) be an (€, €)-neutrosophic ideal 
of acommutative BC'K-algebra X. Let x, y, z € X be such that trosophic random set on X which is given as follows: 


(wy) #2 € Te(As iq) M Te(As Be) 0 Fe( Aste) (0.3) fre (0.025, 

0,4} if t € [0.25,0.55), 

and Gr: [0,1J> P(X), >) fq’ 01 itt © [0.55,0.85), 
{0,3,4} if t € [0.85, 1], 


ZzE Te(A; dy) Nn Ie(A; B,) Fe (A; Vy) 
for dz, Qy, Bx, By € (0, 1] and yz,7¥y € [0,1). Note that 


(x * (y * (y *a))) * ((@ *y) * 2) #2 
= ((a * (y * (y * @))) * z) * ((w*y) * 2) 


} if t © [0,0.45), 
if t € [0.45, 0.75), 


€;: [0,1] — P(X), tH 3} 
4} if t © (0.75, 1], 


AsSAat 
ooo 
eRe 
www 


< (w* (y*(y*2))) « (ey) oe 
-4 * (xx y)) * (y* (y*2)) {0} if t € (0.9, 1], 
= {0,3} if t € (0.7, 0.9], 
ép: [0,1] > P(X), rH {0,4} if t € (0.5, 0.7], 
by (2.3), (2.4) and (ID, which implies that {0,1,2,3} ift € (0.3, 0.5), 
xX if t € [0, 0.3]. 


(x * (y* (y*a))) * ((a@*y) *z) <2 
Then €r(t), €r(t) and €r(t) are commutative ideals of X for 














It follows from Lemma 3.10 that all t € [0,1]. Hence the neutrosophic falling shadow H = 
(Hr, Hy, Hr) of € := (Er, €7, €) is a commutative falling neu- 
* (y* (y* @)) € Te(Aj ag) M Ie (Aj Bz) N Fe(A; Ya). trosophic ideal of X, and it is given as follows: 
Therefore A = (Ay,A;,Apr) is a commutative (€, €)- 1 if x = 0, 
neutrosophic ideal of X. ss 0.3 if x € {1,2}, 
Hr@)=) 04 ifn =3, 
; : : 0.45 ife=4, 
4 Commutative falling neutrosophic 
ideals ; 1 if x € {0,1,2}, 
vei = 4 03 ifa=3, 
Definition 4.1. Let (Q,.A, P) be a probability space and let € := (2) 0.25 ae ay 
(€r,€1,€r) be a neutrosophic random set on a BC'K-algebra i 
X. Then the neutrosophic falling shadow H := (Hr,H1,Hr) ana 
of € := (Er, &1, €r) is called a commutative falling neutrosophic 
ideal of X if Ep(wr), €r(w7) and E(w) are commutative ideals : 0 if x =0, 
of X forall wr, wr, wr € 2. Hr(x)=¢ 0.5 ifa e {1,2,4}, 
0.3 ifa =3. 


Example 4.2. Consider a set X = {0,1, 2,3, 4} with the binary 

operation * which is given in Table 5 

Then (X;*,0) is a BC K-algebra (see [9]). | Consider Given a probability space (Q, A, P), let H := (Hr, Hy, Hr) 
(Q,A,P) = ((0,1],A,m) and let € := (€7,&r,€r) be a neu- be a neutrosophic falling shadow of a neutrosophic random set 





Y.B. Jun, F. Smarandache, M.A. Oztiirk, Commutative falling neutrosophic ideals in BC K-algebras. 


50 


Neutrosophic Sets and Systems, Vol. 20, 2018 





€:= (€7,&1,€r). For x € X, let 


Q(z; Er) = {wr ED | a € Ep(wr)}, 
Q(x; Er) = {wr €Q| a € Ex(wr)}, 
O(2; €r) = {wr €D| a € Ep(wr)}. 


Then 2(2; Er), Q(a; Er), Q(x; Er) € A (see [8]). 


Proposition 4.3. Let H := (Hr,H,,Hp) be a neutrosophic 
falling shadow of the neutrosophic random set € := (r,&1,€F) 
ona BC K-algebra X. If H := (Hr, H;, Hr) is a commutative 
falling neutrosophic ideal of X, then 


Q((x * y) * 2; Er) N Q(z; Er) 

C (ax « (y * (y * z)); Er) 
Q((x * y) * 2; Er) NO(z; Er) 

C O(a * (y * (y * x)); Er) 
Q((x * y) * 2; Er) NO(z; Er) 

C O(a * (y * (y * x); Er) 


(4.1) 


and 


*(y*a)); Er) S 
O(a * (y * (y * x); Er) C 
Q *(y*a));€r) S 


forall x,y,z © X. 


O(a * y) * 25 Er) 
O((a * y) * 25 €r) 
O(a * y) * 2; EF) 


(4.2) 


Proof. Let 


wr € O(a *y) * z;Er) Nz; Er), 
wr € O((a * y) * 23 Er) N Q(z; Er), 
wr € O((x * y) * 2; Er) N Q(z; Er) 


for all x,y,z € X. Then 


(a * y) * z © Ep(wr) and z € p(w), 
(a * y) * z © Er(wy) and z € Er(wy), 
(xx y) *z © Ep(wp) and z € Ep(wp). 


Since €p(wr), Er(wr) and (wy) are commutative ideals of X, 
it follows from (2.7) that 


* (y * (y*z)) € Er(wr) N Er(wr) N Err) 
and so that 


wr € O(a * (y * (y * z)); Er), 
wr € Ox * (y * (y* x); Er), 
wr € O(a * (y* (y* x)); EF). 


Hence (4.1) is valid. Now let 
wr € (x * (y * (y* x)); Er), 


wr € O(x * (y * (y* 2)); Er), 
wp € (x * (y * (y * z)); Er) 


for all x,y,z € X. Then 


« (y* (y*x)) € Er(wr)M Er(wr) 1 Er(wr). 
Note that 
((x * y) * z) * (x * (y * (y* @))) 
= ((x *y) * (uw * (y* (y* z)))) *z 
(y 


< ((y* (y*x)) *y)* z= ((y*y) * 
= (0*«(y*x))*z=0*x2=0, 


which yields 


(a y) * z) * (x * (y * (y * x))) 
=O0€E Ep(wr) M €1(wr) M ép(wp). 


Since r(wr), €r(wr) and €r(wy) are commutative ideals and 
hence ideals of X, it follows that 


(x*y) *z © Er(wr) N Er(wr) N Er(wr). 


Hence 


wr € A(x *y) * 2; Er), 
wr € O((a * y) * 2; £7), 
wp € O(a * y) * 2; EF). 





Therefore (4.2) is valid. 











Given a probability space (©, A, P), let 


F(X) :={f | f:Q— X is a mapping}. (4.3) 
Define a binary operation ® on F(X) as follows: 
(Vw € 2) (fF ® g)() = fw) * 9(¥)) (4.4) 


for all f,g € F(X). Then (F(X); @,0) is a BCK/BCI- 
algebra (see [7]) where 0 is given as follows: 


6:24 X,wr 0. 


For any subset A of X and gr, gr, ge € F(X), consider the 
followings: 


Ad, := {wr €2| gr(wr) € A}, 
Ad := {wr €Q| gr(wr) € A}, 
Ad, = {we € Q| gr(wr) € A} 


and 


Er :Q2 > P(F(X)), wr {or € F(X) | gr(wr) € A}, 
€7:Q—4 P(F(X)), wr {gr € F(X) | gr(wr) € A}, 
Ep: Q2 > P(F(X)), wr {gr € F(X) | gr(wr) € A}. 


Then A¥,, AZ, AZ € A (see [8]). 
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Theorem 4.4. [f K is a commutative ideal of a BC K-algebra 
X, then 


ErWwr) = {gr € F(X) | gr(wr) € K}, 
Er(wr) = {gr € F(X) | gr(w7) € K}, 
Er(wr) = {gr € F(X) | gr(wr) € K} 


are commutative ideals of F(X). 


Proof. Assume that K is acommutative ideal of a BC’ K-algebra 
X. Since (wr) = 0 € K, @(wr) =0€ K and O(wr) =0E K 
for all wr, wr, wr € O, we have @ € E7(wr), 6 © Er(wr) and 
0 € Ep(wer). Let fr, gr, hr € F(X) be such that 

(fr ® gr) ® hr € Er(wr) and hr € Er(wr). 


Then 


(fr(wr) * gr(wr)) *hr(wr) = ((fr ® gr) ®hr)wr) eK 


and hr(wr) € K. Since K is a commutative ideal of X, it 
follows from (2.7) that 


(fr ® (gr ® (gr ® fr)))(wr) 
= frwr) * (grr) * (grr) * frlwr))) € K, 


that is, fr ® (gr ® (gr ® fr)) € Er(wr). Hence Ep(wr) is a 
commutative ideal of F(X). Similarly, we can verify that €;(wy) 
is a commutative ideal of F(X). Now, let fr, gr, hr € F(X) 
be such that (fr ® gr) @®hpr € €r(wp) andhp € €r(wr). Then 


(fr(wr) * gr(wr)) *hr(wr) 
=((fr ®gr) @®hr)(wr) eK 


and hr(wr) € K. Then 


(fr ® (gr ® (gr ® fr)))(wr) 
= fr(wr) * (gr(wr) * (gr(wr) * fr(wr))) € K, 


and so fr ® (gr ® (gr ® fr)) € €r(wr). Hence p(w p) isa 
commutative ideal of #(X). This completes the proof. 














Theorem 4.5. If we consider a probability space (Q,A,P) = 
([0, 1], A, m), then every commutative (€, €)-neutrosophic ideal 
of a BC K-algebra is a commutative falling neutrosophic ideal. 
Proof. Let H := (Hy,H;,Hr) be a commutative (€, € 
)-neutrosophic ideal of X. Then Te(H;a), I<(H;3) and 
F.(H;7) are commutative ideals of X for all a, 3 € (0, 1] and 
y € [0,1). Hence a triple € := (&r, €r, €r) in which 


ér : [0,1] + P(X), aH Te(H;a), 
€1: [0,1] > P(X), B+ Ie(H; 8), 
ép : [0,1] > P(X), y+ Fe(H;7) 


is a neutrosophic cut-cloud of H := (Hr, H,,H Fr). Therefore 
HT := (Hr, Hy, Hr) is acommutative falling neutrosophic ideal 





of X. 











The converse of Theorem 4.5 is not true as seen in the follow- 
ing example. 


Example 4.6. Consider a set X = {0,1,2,3,4} with the binary 
operation « which is given in Table 6 


ee 


Table 6: Cayley table for the binary operation “x 





* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 1 0 1 
2 2 2 0 0 2 
3 3 2 1 0 3 
4 4 4 4 4 0 


Then (X;%*,0) is a BC'K-algebra (see [9]). Consider 
(Q,A,P) = ([0,1],A,m) and let € := (€7,&7,€r) be a neu- 
trosophic random set on X which is given as follows: 


{0,1} if t € [0,0.2), 
{0,2} if t € [0.2,0.55), 
fr: [01> P(X), ©) fo itt © [0.55,0.75), 
{0,1,2,3} ift € (0.75, 1), 
{0,1} if t € [0,0.34), 
{0,4} if t € [0.34,0.66), 
or? Ot] P(A), BES) oo 4 ah. Gee (0.66, 0.75), 
x if t € (0.78, 1], 
and 
{0} if t € (0.87, 1], 
{0,2} if t € (0.76, 0.87], 
r: [0,1] 2 P(X), a 2 {0,4} if t € (0.58,0.76], 
{0,2,4} if t € (0.33, 0.58}, 
xX if t € (0, 0.33]. 


Then €7(t), €;(t) and €p(t) are commutative ideals of X for 
all t € [0,1]. Hence the neutrosophic falling shadow H := 
(Hr, Hr, Hp) of € := (Er, €1, €) is a commutative falling neu- 
trosophic ideal of X, and it is given as follows: 


1 ife=0, 
; 045 ife =, 
fip(e)=2 08 ite =2, 
0.25 ife=3, 
0.2 ife=4, 
1 ifz=0, 
: 0.68 if =1, 
H@) = 999 ifn € 12,3), 
0.66 if«—=4, 
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and and 
0 if x = 0, {0} if t € (0.84, 1], 
He()=) Ost ite=2, fr P) ©) Loto. ay itve (0580.76) 
0.24 if#=4. xX if t € [0, 0.58]. 
But H := (Hr,H,,Hp) is not a commutative (c, €)- Then r(t), €r(t) and p(t) are ideals of X for all t € [0,1]. 


neutrosophic ideal of X since 
(3 *4) *2 € Te(H;0.4) and 2 € Te(H;0.6), 


but 3 * (4 * (4*3)) =3 ¢ Te(A;0.4). 


We provide relations between a falling neutrosophic ideal and 
a commutative falling neutrosophic ideal . 


Theorem 4.7. Let (Q,A,P) be a probability space and let 
H := (Hr, Hy, Hp) be a neutrosophic falling shadow of a neu- 
trosophic random set € := (&r,€1,€) on a BCK-algebra. If 
H := (Hr, Hy, Hp) is a commutative falling neutrosophic ideal 
of X, then it is a falling neutrosophic ideal of X. 


Proof, Let H := (Hr, Hy, Hy) be a commutative falling neu- 
trosophic ideal of a BC’ K-algebra X. Then €7(wr), €r(wr) and 
€r(wp) are commutative ideals of X for all wr, wr, wr € Q. 
Thus €r(wr), €:(wy) and €(w pr) are ideals of X for all wr, wy, 
wre € Q. Therefore H := (Hr, H1, Hr) is a falling neutro- 
sophic ideal of X. 














The following example shows that the converse of Theorem 
4.7 is not true in general. 


Example 4.8. Consider a set X = {0, 1, 
operation *« which is given in Table 7 


2,3,4} with the binary 


“cc 4? 


Table 7: Cayley table for the binary operation 





* 0 1 2 3 4 
0 0 0 0 0 0 
1 1 0 0 1 0 
2 2 1 0 2 0 
3 3 3 3 0 3 
4 4 4 4 4 0 
Then (X;%,0) is a BCK-algebra (see [9]). Consider 


(Q, A, Py — ([0, 1], A, m) and let g = (Er, €1, €r) be a neu- 
trosophic random set on X which is given as follows: 


{0,3} if t € [0,0.27), 
ér: [0,1] - P(X), «> 2 {0,1,2,3}  ift © [0.27,0.66), 
{0,1,2,4} ift € (0.67, 1], 
{0,3} if t € [0,0.35), 
ér : [0,1] > P(X), an Cees na 


Hence the neutrosophic falling shadow H := (Hr, Hr, Hr) of 
€ := (&r,&r,€r) is a falling neutrosophic ideal of X. But it 
is not a commutative falling neutrosophic ideal of X because if 

€ [0,0.27), 6 € [0,0.35) and y € (0.76, 0.84], then E7(a) = 
{0,3}, €r(G) = {0,3} and €-(y) = {0,3} are not commutative 
ideals of X respectively. 


Since every ideal is commutative in a commutative BC K- 
algebra, we have the following theorem. 


Theorem 4.9. Let (9,.A,P) be a probability space and let 
H := (Hr, Hy, Hp) be a neutrosophic falling shadow of a neu- 
trosophic random set € := (Er, €1,€F) on a commutative BCK- 
algebra. fH = = (Hr, Hr, Hr) is a falling neutrosophic ideal 
of X, then it is a commutative falling neutrosophic ideal of X. 


Corollary 4.10. Let (0,.A,P) be a probability space. For any 
BC K-algebra X which satisfies one of the following assertions 


(Va,yEX\(u<y > a<yx(y*2)), (4.5) 
(Va,yEX)\(a<y > r=yx(y*2)), (4.6) 
(Va,y © X)(x «(ax y) = y*(y* (ax (ax*y)))), (4.7) 
(Va,y,zEX)(a,y<zzxyszxn >a<y), (48) 
(Va,y,2EX)(a<z,zey<zxr > r<y), (4.9) 


let H := (Hp, Hy, Hp) be a neutrosophic falling shadow of 
a neutrosophic random set € := (€r,€1,€r) on X. if H := 
(Hr, fy, Hr) is a falling neutrosophic ideal of X, then it is a 
commutative falling neutrosophic ideal of X. 
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Abstract The motivation of the present paper is to extend the concept of neu- 
trosophic soft prime ideal over a ring. In this paper the concept of neutrosophic soft 
completely prime ideals, neutrosophic soft completely semi-prime ideals and neutro- 
sophic soft prime k - ideals have been introduced. These are illustrated with suitable 
examples also. Several related properties, theorems and structural characteristics of 
each are studied here. 


Keywords  Neutrosophic soft completely prime ideals; Neutrosophic soft com- 
pletely semi-prime ideals; Neutrosophic soft prime k - ideals. 


1 Introduction 


Because of the insufficiency in the available information situation, evaluation of mem- 
bership values and nonmembership values are not always possible to handle the uncer- 
tainties appearing in daily life situations. So there exists an indeterministic part upon 
which hesitation survives. The neutrosophic set theory by Smarandache [1,2] which 
is a generalisation of fuzzy set and intuitionistic fuzzy set theory, makes description 
of the objective world more realistic, practical and very promising in nature. The 
neutrosophic logic includes the information about the percentage of truth, indetermi- 
nacy and falsity grade in several real world problems in law, medicine, engineering, 
management, industrial, IT sector etc which are not available in intuitionistic fuzzy 
set theory. But each of the theories suffers from inherent difficulties because of the 
inadequacy of parametrization tools. Molodtsov [3] introduced a nice concept of soft 
set theory which is free from the parametrization inadequacy syndrome of different 
theories dealing with uncertainty. The parametrization tool of soft set theory makes 
it very convenient and easy to apply in practice. The classical algebraic structures 
were extended over fuzzy set, intuitionistic fuzzy set, soft set, fuzzy soft set and in- 
tuitionistic fuzzy soft set by so many authors, for instance, Rosenfeld [4], Malik and 
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Mordeson [5,6], Lavanya and Kumar [8], Bakhadach et al. [9], Dutta et al. [10-12], 
Maji et al. [13], Aktas and Cagman [14], Augunoglu and Aygun [15], Zhang [16], 
Maheswari and Meera [17] and others. 

The notion of neutrosophic soft set theory (NSS) has been innovated by Maji [18]. 
Later, it has been modified by Deli and Broumi [19]. Cetkin et al. [20,21], Bera and 
Mahapatra [22-26] and others have produced their research works on fundamental 
algebraic structures on the NSS theory context. 

This paper presents the notion of neutrosophic soft completely prime ideals, neu- 
trosophic soft completely semi-prime ideals and neutrosophic soft prime k-ideals along 
with investigation of some related properties and theorems. The content of the present 
paper is designed as following : 

Section 2 gives some preliminary useful definitions related to it. In Section 3, neu- 
trosophic soft completely prime ideals is defined and illustrated by suitable examples 
along with investigation of its structural characteristics. Section 4 deals with the 
notion of neutrosophic soft completely semi-prime ideals with development of related 
theorems. The concept of neutrosophic soft prime k-ideals along with some properties 
has been introduced in Section 6. Finally, the conclusion of our work has been stated 
in Section 7. 


2 Preliminaries 


We recall some basic definitions related to fuzzy set, soft set, neutrosophic soft set 
for the sake of completeness. 


2.1 Definition [24] 


1. A binary operation * : [0,1] x [0,1] — [0,1] is said to be continuous t - norm if * 
satisfies the following conditions : 
(i) * is commutative and associative. 
(ii) * is continuous. 
(iii) at l= 1*a=a, Vae (0, 1]. 
(iv) axb<cxd if a<c,b<d with a,b,c,d€é [0,1]. 
A few examples of continuous t-norm are a * b = ab,a*b = min{a,b},a*b = 
max{a + b — 1, 0}. 
2. A binary operation © : [0,1] x [0,1] — [0,1] is said to be continuous t - conorm (s 
- norm) if © satisfies the following conditions : 
(i) © is commutative and associative. 
(ii) © is continuous. 
(iii) ao 0 =00a=a, Va € [0,1]. 
(iv) aob<cod if a<c,b<d with a,b,c,d€ [0,1]. 
A few examples of continuous s-norm are aob = a+b—ab,aob = max{a, b},aob = 
min{a + b, 1}. 
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2.2 Definition [1] 


Let X be a space of points (objects), with a generic element in X denoted by a. 
A neutrosophic set A in X is characterized by a truth-membership function T', 
an indeterminacy-membership function J, and a falsity-membership function F',. 
T4(x), L4(x) and F'4(x) are real standard or non-standard subsets of ]~0,1*[. That 
is Ta, 14, F'4 : X —]~0,1*|. There is no restriction on the sum of T(x), L4(x), Fa(x) 
and so, ~0 < sup T'4(x) + sup J4(x) + sup F'4(x) < 37. 


2.3 Definition [3] 


Let U be an initial universe set and E be a set of parameters. Let P(U) denote the 
power set of U. Then for A C E, a pair (F, A) is called a soft set over U, where 
F:A-— P(U) is a mapping. 


2.4 Definition [18] 


Let U be an initial universe set and E be a set of parameters. Let N.S(U) denote the 
set of all NSs of U. Then for A C E, a pair (F, A) is called an NSS over U, where 
F:A— NS(U) is a mapping. 

This concept has been redefined by Deli and Broumi [19] as given below. 


2.5 Definition [19] 


1. Let U be an initial universe set and FE be a set of parameters. Let NS(U) denote 
the set of all NSs of U. Then, a neutrosophic soft set N over U is a set defined by a 
set valued function fy representing a mapping fy : E + NS(U) where fy is called 
approximate function of the neutrosophic soft set N. In other words, the neutrosophic 
soft set is a parameterized family of some elements of the set NS(U) and therefore it 
can be written as a set of ordered pairs, 


N = le frle)) ee 2} 
{(e, ‘es L, Tgy(e)(L), Ley (e(X), Fv (e)(2) PLE U}) -€€ E} 


where T’'p,,(c)(), [pfx (e)(@), Fpy(ey(a) € [0,1], respectively called the truth-membership, 
indeterminacy-membership, falsity-membership function of fy(e). Since supremum 
of each T, I, F is 1 so the inequality 0 < Ty, e)(x) + Lpycey(X) + Fyy(e(@) < 3 is 
obvious. 

2. Let N; and Nz be two NSSs over the common universe (U, £). Then Nj is said to 
be the neutrosophic soft subset of No if Ty, (©) < Tyy,(¢) (©), Ly, (ey(@) 2 Ley, (e)(2); 
Fy, (e)(2) a ey OC Ve € FE and Vx € U. 


We write N, C No and then No is the neutrosophic soft superset of Nj. 
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2.6 Proposition [22] 


An NSS N over the group (G, 0) is called a neutrosophic soft group iff followings hold 
on the assumption that a * b = min{a,b} and ao b = max{a, db}. 


Tyce) (@oy*). > Tees (@) * Tad), 
Tpycey(coy") << Lpycey(#) > Lp ey (y); 
F py (e) (coy *) < Feit) © Frye) (y)); V@,y € G,Ve ed, 


2.7 Definition [24| 


1. A neutrosophic soft ring N over the ring (R,+,-) is called a neutrosophic soft left 
ideal over R if fy(e) is a neutrosophic left ideal of R for each e € E ice., 
(i) fy(e) is a neutrosophic subgroup of (R,+) for each e € EF and 


- Trr(ey(£°y) = Tyce (y) 
(14) 9 Tpwcey(@-Y) S Tp (y) 
Peale? yy) S Feeey)} lor any © RR, 


2. A neutrosophic soft ring N over the ring (R,+,-) is called a neutrosophic soft 
right ideal over R if f(e) is a neutrosophic right ideal of R for each e € E ice., 
(i) fw(e) is a neutrosophic subgroup of (R,+) for each e € EF and 


_ Treo -y) 2 Tine) 
(27) L(y (f° y) = Tpy(e) (2 ) 
Fry(e(@-y) S Fyy(e(#); for x,y € R. 


3. A neutrosophic soft ring N over the ring (R,+,-) is called a neutrosophic soft 
ideal over R if fy(e) is a both neutrosophic left and right ideal of R for each e € E. 


2.8 Definition [25] 


1. Let p:U —V andw: E — E be two functions where F is the parameter set for 
each of the crisp sets U and V. Then the pair (vy, w) is called an NSS function from 
(U, FE) to (V, E). We write, (y,w): (U,E) > (V,£). If M is an NSS over U via 
parametric set EL, we shall write (IV, E) an NSS over U. 

2. Let (M, E), (N, E) be two NSSs defined over U,V respectively and (y, 7) be an 
NSS function from (U, F) to (V, E). Then, 

(i) The image of (M, E) under (y,w), denoted by (y,~)(M, E), is an NSS over V 
and is defined by : 

(9, ¥)(M, F) = (p(M), W(E)) = {< ¥(@); fou >: a € E} where Vb € Y(E), Vy € V, 


7 Wy) MAXy(z)=y MAXy¥(a)=b [TFy,(a)(Z)], ife € y~*(y) 
Foca) (02)\Y , otherwise. 


0 
MiNy(e)=y MINy(a)=b [Lpy,(a)(w)], ifa € ~*(y) 
1 , otherwise. 


Lp sa) (y) { 


_ f ming@ny=y Miny(a)=o [Fy,(a(x)], ifx € y-*(y) 
Fhean| )(y) = { aN, aaa 7 
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(ii) The pre-image of (N, E) under (y, 7), denoted by (v, w)~!(N, E), is an NSS over 

U and is defined by : 

(y, 2) *(N, E) = (p"(N), y"(E)) where Va € p(B), Va € U, 

) Pir to(ay(9()) 

ae) ni) = Hr) 
) 


= Frypw(ay(y(2)) 


If w and y is injective (surjective), then (y, wv) is injective (surjective). 


2.9 Definition [26] 


1. An NSS M over (R, E) is said to be constant if each fy;(e) is constant for e € E 
165 (Ty (o(2), lade (GF Age 2) 1s same Vee i, Vee A. 

For M to be nonconstant, if for each e € E the triplet (T'p,,(e)(@), Lpy(e) (©), F'fys(e) (@)) 
is atleast of two different kinds Va € R. 
2. Let R be aring and M, N be two NSSs over (R, EF). Then MoN = L (say) is also 
an NSS over (R, £) and is defined as following, fore € F and ze R, 


Tr(a) =< 4 MeXs=velTivoY) * Tr)! 
fu(©) 0 ifxis notexpressibleas x7 = yz. 


Ip.(o(a) = 4 MiBanvellemie uy) ° Ltn (oy()] 
fr(e) 1 ifwis notexpressibleas x = yz. 


B (x) = MiNp=yz LFrac(e) (y)° Fry (e) (z)] 
fr(e) 1 ifwis notexpressibleas x = yz. 


3. A neutrosophic soft ideal P over (R, FE) is said to be a neutrosophic soft prime 
ideal if (i) P is not constant neutrosophic soft ideal, (ii) for any two neutrosophic soft 
ideals M,N over (R, FE), MoN C P= either MC PorN CP. 


2.10 Theorem [26] 


1. Let P be an NSS over (R, £) such that cardinality of fp(e) is 2 ie., |fp(e)| = 
and |fp(e)|(0,) = (1,0,0) for each e € EF. If Py = {x € R: [fp(e)](x) = [fr(e)](0,)} 
is a prime ideal over R, then P is a neutrosophic soft prime ideal over (R, FE). 

2. Let P be an NSS over (R, EF). Then P is a neutrosophic soft left (right) ideal over 
(R, E) iff P = {x € R: [fp(e)|(z) = (1,0,0)} with 0, € P is a left (right) ideal of R. 
3. S(A ¢) C Ris an ideal of R iff there exists a neutrosophic soft ideal M over (R, E) 
where fy : E —> NS(R) is defined as, Ve € E, 


(71,172,173) ifxe S 
PONG Eafe ees merle 2 


with T, > ty, To < ta, 73 < t3 and T1, 72,73, t1, ta, t3 € (0, 1]. 
In particular, S(4 ¢) C R is an ideal of R iff the characteristic function yg is a 
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neutrosophic soft ideal over (R, E) where ys : E —+ NS(R) is defined as, Ve € E, 
If (GO) ab ees: 

ixs(e)](#) = { (0,1,1) ife¢S. 
4. An NSS M over (R, E) is a neutrosophic soft left (right) ideal iff each nonempty 
level set [far(€)]|(a,2,7) Of the neutrosophic set fyr(e) is a left (right) ideal of R where 
ae Li Les Be Im pyy(e); VE Pin Py (ee 
5. Let P be a neutrosophic soft left (right) ideal over (R, £). Then Pp = {x € R: 
[fp(e)|(x) = [fr(e)](0,-)} is a left (right) ideal of R. 
6. Let P be a neutrosophic soft prime ideal over (R,E). Then Py = {2 € R: 
[fe(e)|(x) = [fr(e)](0,)} is a prime ideal of R. 


2.11 Definition [7] 


A left k-ideal J of a semiring S is a left ideal such that if a € J and x € S and if 
eithera+a2¢E€l/orz+ae€lI,thenze I. 

Right k-ideal of a semiring is defined dually. A non-empty subset J of a semiring S' 
is called a k-ideal if it is both a left k-ideal and a right k-ideal. 


3 Neutrosophic soft completely prime ideal 


Here first we have defined a completely prime ideal of a ring and then defined a neu- 
trosophic soft completely prime ideal. These are illustrated with suitable examples. 
Along with several related properties and theorems have been developed. 


Through out this paper, unless otherwise stated, F’ is treated as the parametric set 
and e € E, an arbitrary parameter. Moreover the standard t-norm and s-norm are 
taken into consideration wherever needed through out this paper i.e., ab = min{a, b} 
and aob = max{a, D}. 


3.1 Definition 


An ideal S of a ring R is called a completely prime ideal of R if for z,y € R, 
zy€S=>eithexreSoryeS. 


3.1.1 Example 
1. For the ring (Z, +, -) (Z being the set of integers), an ideal (2Z, +, -) is a completely 
prime ideal. 


2. We assume a ring R = {0,2,y,z}. The two binary operations addition and 
multiplication on R are given by the following tables : 
































Hee) OF | a | |, Ol Bla se 
0);O0);a}y|z 0;0;0/0)0 
Table 1| x |x|O0O] 2] y Table 2) xz |0}|0 )0) 0 
YB | se |e y|O;O;yly 
aA eal? eles) zl|O;|Olyly 
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It is an abelian ring. With respect to these two tables, {0,7} and {0, y} are two ideals 
of R. From 2nd table, it is evident that {0,2} is a completely prime ideal of R but 
{0, y} is not so because z- z = y though z ¢ {0, y}. 


3. Consider the another ring R = {0,z,y,z} with two binary operations addition 
and multiplication on R are given by the following tables : 
































ed | ae aye | ae |p| 
0)/O0;a}y|z 0;0;0;0) 0 
Fable 3: | oe5| sa) Oe ay Table 4 | x/|0/01]0] 0 
|B Bao fe. y|0;0|0)]0 
z|z)yla}0 20.) er Soe 












































It is not an abelian ring. With respect to these two tables, {0,2} is an ideal of R but 
not completely prime ideal. Because y-z = 0,z-z=2,y-y=0 but y,z € {0, z}. 


3.2 Proposition 
If S is a completely prime ideal of a ring R then S is a prime ideal of R. 


Proof. Let S be a completely prime ideal of a ring R and A, B be two ideals of R 
such that AB C S$. Suppose A ZS and B ZS. Then there exists x € A andy € B 
such that z,y ¢ S. But zy € Sas AB C S. Since S is a completely prime ideal of 
R, so either x € S or y € S and this leads a contradiction to the fact x,y ¢ S. Hence 
S is a prime ideal of R. 


3.3. Definition 


A neutrosophic soft ideal N over (R, F) is called a neutrosophic soft completely prime 
ideal if Vz,y € Rand Ve € E, 


Thy (e) (2 . y) as max{T'py (¢)(x x), Det e)(y) 

Iroc y) > min Zjyto(),Lyyte)()} 

Pee 0 ; y) = min{ py (e )(x ii Fg e)(y) . 
3.3.1 Example 


Consider the Example [3.1.1](2). We define an NSS M over (R, F) as following, 
Vr € Rand Vee E, 


_ f§ (1,03,0.1) ifr € {0,2} 
[fu(e)](r) = { (0.8,0.6,0.4) ifr ¢ {0,2}. 


Then M is a neutrosophic soft completely prime ideal over (R, E). 


3.4 Theorem 


An NSS N is a neutrosophic soft completely prime ideal over (R,E) iff for e € 
E, |fn(e)l = 2, [f(e)](0-) = (1,0,0) and N = {x € R: [fr(e)](x) = (1,0,0)} isa 
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completely prime ideal of R. 
Proof. Let N be a neutrosophic soft completely prime ideal over (R, FE). Then N 
is a neutrosophic soft. ideal over (R, E) and so N is an ideal over R by Theorem 
[2.11](2). To prove Nisa complete prime ideal, let ry € N for x .y € R. Then 
[fn (e)|(zy) = (1,0,0) fore € FE. But, 

1 = Tyye)(y) S max{T yy (e)(X), Tpr(e(y)}; 

0 = Ipy(e)(wy) 2 min{T 5, (-)(x), Lry(e) (yf, 

0 = Fry (ey(wy) 2 min{ Fp, (e)(X), Pryce (MSs 
This implies that 

Thy (e)(O-) = 1 < max{T yy (e)(2), Trye(y)}, 

Ty (e)(O-) = 0 > min{ I py (e)(Z), Lye) (y) Fs 

Fy (e)(Or) = 0 > min{ Fy, (e)(X), Fry (e(y) 
This shows that, 

either Ty (c)(Or) < Tyy(e)(@) or Try (e)(Or) S Trve(y), 

either T py ce) (Or) > bs (x) or Teal ee Epes (c) (y), 

either F'gy(e)(Or) > Pee (x) or Bee (0; = Fy (ey (y); 
But Tyy(e)(Or) = Typecey(@)s Lpwtey(Or) < Lencey(@): Fn Or) < Fyne (x), Ve € R. 
Hence Ty (e)(t) = Tyy(e) Or); Live (2) = TG) Fry ( (2) = Fry(e(Or), Va € R 
ie., x,y € N. Thus N is a complete prime ideal. - 

Conversely suppose N is a completely prime ideal with the given conditions. As N 

is an ideal of R, so N is a neutrosophic soft ideal over (R, EF) by Theorem [2.11](2). 
For contrary, suppose N is not neutrosophic soft completely prime ideal. Then, 

Thy (e (zy) > max{T},( e)(z 5 Thy (ey We 

Thy (ey (wy) < min{L Fy (e)(@), Lpy(ey(y)}. 

Fry (e)(£ y) <n Fee )(x @)s Free W ee 


Since |f(e)| = 2 and [fn(e)|(0,) = (1,0,0) then there exists z,y € R so that 
[fu (e)](2) = aCe = (r1, 72,73) Z (1, 0,0) (say) for0 <r, < Lland0 < 1r9,7r3 < 1. 
Then, 


4 


Ty (e(2Y) > T1, Lpy(ey (zy) < 2, Ppy(ey (zy) < 13 
Dpete y(xy )= = if Ty (ey (ty) = FP peteyl FY) = 0 
[fn (e)](xy) = (1,0, 0) 


=> aye N 


4 


Since N is completely prime ideal, so either x € N or y € N ie., [fy(e)|(z) = 
[fv (e)](y) = (1,0,0). A contradiction arises to the fact that [fy(e)|(x) = | 
(r1,72,73) # (1,0,0). Thus, 
Dix (e) (xy) < max{T'fy (ec) (x), Try (e) (y)}, 
Tpy(ey(wy) 2 min{I 5, (e)(£), py (e)(¥) f 
Fry(ey(wy) 2 mint F'py(e)(X), Fey cey(y) $s 
and so N is a neutrosophic soft completely prime ideal over (R, FE). 
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3.5 Theorem 


Let N be a neutrosophic soft completely prime ideal over (R, F) with |fy(e)| = 
2, [fr (e)](0,) = (1,0,0) for each e € E. Then N is a neutrosophic soft prime ideal 
over (R, E). 

Proof. Let the condition hold. By Theorem [3.4], N= {x € R: [fw(e)](z) = (1,0, 0)} 
is a completely prime ideal of R. Then by Proposition [3.2], Nisa prime ideal of R. 
Hence N is a neutrosophic soft prime ideal over (R, FE) by Theorem [2.11](1). 


3.6 Theorem 


Let R be aring. Then S(4 ¢) C R be a completely prime ideal of R iff an NSS N 
over (R, £) is a neutrosophic soft completely prime ideal where fy : E —> NS(R) 
is defined as : 


(r1, 72,73) ifxr@eS 


ielelay= 4 er ees 


with T1 > th, T2< ta, T3 < tg and T1, 72,73, t1, ta, t3 — (0, 1]. 


Proof. First let S(4 ¢) C R be a completely prime ideal of R. Then S is an ideal of 
R and so by Theorem [2.11](3), N is a neutrosophic soft ideal over (R, F). To end 
the theorem, we shall just show that N is completely prime. For contrary, suppose 


Tx (e) (xy) > max{T'fy (e) (a), Ee ee) (y)}, 
T py (e)(€Y) < min{ If, (e)(2), eo 
Frye(ty) < mint Fry () (2), Prv(e (YW) 


Then by definition of fy(e), we have |fy(e)|(zy) = (r1,7r2,73) and [fr(e)|(z) = 
[fu(e)|(y) = (ti, te,t3). This implies zy € S but z,y ¢ S which is a contradic- 
tion to the fact that S is a completely prime ideal of R. Hence N is a neutrosophic 
soft completely prime ideal over (R, E). 

Conversely, let N in given form be a neutrosophic soft completely prime ideal over 
(R, FE). Then N is a neutrosophic soft ideal over (R, E) and so by Theorem [2.11](3), 
S is an ideal of R. To show S is a completely prime ideal of R, let xy € S. Then, 


[fn (e)|(zy) = (71,72, 73) 
The) (ZY) = 11, Leyte) (ty) = Ta, Fey (ZY) = 73 
max{T'fy(c)(X), Thy (ey(y)} 271, Min{Lpy(e)(L), Lene (WM) S72, 
min{ F'p,(e)(@), Frye (y)} < 73 
=> either Teele) > T1, Teatey) < TQ; Feet) < T3 

or Try e(y) = 71, Lpy(eyy) < 72, Fyyce ly) < 73 
=> eitherrxeSoryeS 


Y 4 


Thus S is a completely prime ideal of R. 
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3.6.1 Corollary 


A non empty subset S of a ring R is a completely prime ideal iff the characteristic 
function x5 is a neutrosophic soft completely prime ideal over (R,E) where yg : 
E —+ NS(R) is defined by : 


(1,0,0) iffes 
1,1 


MOIS) iy aes 


Proof. It is the particular case of Theorem [3.6]. 


3.7 Theorem 


An NSS M over (R, £) is a neutrosophic soft completely prime ideal means each 
nonempty level set [far(€)|(a,a,7) of the neutrosophic set fi;(e), e € E is a completely 
prime ideal of R where a € IMT ye), 8B © IMI py(e), Y € LM Fyyjce). 


Proof. Here M is a neutrosophic soft completely prime ideal over (R, E). Then M is 
a neutrosophic soft ideal over (R, F) and so by Theorem [2.11](4), [fiv(e)](a,8,7) is an 
ideal of R. To complete the theorem, let xy € [fiv(e)](a,6,7)- Then, 


Tyyr(e(tY) 2, Lpy(e(tY) SB, Frye (@y) SY 

= max{Tp,,()(2),Tre(y)} 2 min{lpy()(2),Lpce(wt <P, 
min{ F'F,,()(X), Fpa,(ey(y) } S 7 

= either T,,(e)(%) 2 a, Ip(e(%) SB, Fpe(2) SY 
or Try (ey) 2% Ife (y) SB, Fincoly) SY 

= either ¢ € [fi(e€)|(a,8,.) or y € [fu (e)]|(a,6,7) 


Thus [fi(€)](a,8,7) is a completely prime ideal of R. 


3.8 Proposition 


Let S' be a completely prime ideal of a ring R. Then there exists a neutrosophic soft 
completely prime ideal M over (R,£) such that [fiv(e)](a,6,7) = S for e € E and 
a, B,y € (0,1). 


Proof. As S is a completely prime ideal of a ring R, so S is an ideal of R. For 
a, 2,7 € (0,1) define an NSS M over (R, F) as following : 


(a, B, ) ifxesS 
[far (e)] (x) -{ (0,1, 1) ifed S. 


Then by Theorem [2.11](3), W is a neutrosophic soft ideal over (R, E). If possible let 
M is not a neutrosophic soft completely prime ideal over (R, F). Then, 


Thar(ey(ey) > max{Tp,(e)(£), Pyu(ey(y) Fs 
I fyp(e) (ZY) < min{lf,;(e)(@), [py (ey(y) 
Ppy(e)(£Y) % min{ F's,,(e)(x), Fry(e(y) fi 





Tuhin Bera, Nirmal Kumar Mahapatra. On Neutrosophic Soft Prime Ideal 


64 


Neutrosophic Sets and Systems, Vol. 20, 2018 





Then by definition of fiy(e), we have [fiy(e)|(zy) = (a,6,y) and [fu(e)|(z) = 
[fac(e)|(y) = (0,1,1). This implies zy € S but x,y ¢ S which is a contradiction 
to the fact that S' is a completely prime ideal of R. Hence M is a neutrosophic soft 
completely prime ideal over (R, F). Obviously [f1z(€)](a,6,7) = S for each e € E. 


3.9 Theorem 


Let (y,w) : (Ri, BE) —> (Re, EF) be a neutrosophic soft homomorphism where R,, Re 
be two rings. Suppose (M, F) and (N, F) be two neutrosophic soft left (right) ideals 
over R; and Rez, respectively. Then, 

1. (y,v)(M, E) is a neutrosophic soft left (right) ideal over Ry if (y,wW) is epimor- 
phism. 

2. (y,w)1(N, E) is a neutrosophic soft left (right) ideal over R. 


Proof. 1. Let b € W(E) and yy, yo,s € Ro. For y+(y1) = ¢ or y'(y2) = ¢, the proof 
is straight forward. 

So, we assume that there exists 71, %2,r € R; such that y(11) = 1, p(%2) = y2, y(r) = 
s. Then, 


max max = Phaa(ay (2 z)| 


4 — 
focar (6) Yt y2) p(x)=y1—y2 W(a)=b 


= Ga Bx, saci ota — #2) 

> es ax [Pyar (a)(@1) * T'p,,(a) (2) 

= max [Thy a)(#1)] * max [Th(ay(2)) 
Troan (syi) = ba jee [Trae(a)(@)] 

= max [Thrg(a)(re1)] 

2 max [Thrq(a)(t1)] 


Since, this inequality is satisfied for each x1, r2 € R, satisfying y(x,) = y1, p(r2) = yo 
so we have, 


Ly pcsty®) (v1 — y2) 


Pe ee Tfuy(a *( max max [T7’ r 
Ee gn Ea) mie aes aye 2))) 


LG) (41) * LE en) (y2) 
Also, Th cay (6) (841) 2 MAXy(x1)=y,; MAXY(a)=b [Pyxr(a) (1)] = LA GO) (y1) 
Next, 


IV 


Laan ® (vi —Yy2) = min min » Prar(ay (x )] 
p(z)=y1—y2 P(a)=b 
= ae ea (x4 _ r2)| 
< Poa LT pse(a (2 1) © Tuga \(z 2)] 
3 pee UL par(a (x 1) © Re 1 [Lfar(a)(2)] 
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Tf any b) (SY) = se a Tr(a (2) 


I 
vain fu(a \(rx1)| 


Jnin, Ura) (@)] 


Since, this inequality is satisfied for each 71,22 € R, satisfying p(x) = y1, yp(r2) = Yo 
so we have, 


IA 


IA 


Las (b) (14 = Y2) 


min min [J¢,,(a)(@1)})®( min min [[ x 
On Fe eu e. gam mn rela) 2) 


LF iy (y1) cs Ly ony) (ye) 
Also, Lp iyo) (891) S Ming(e,)=y, MIN (a)=0 [T fy, (a) (1)] = Lp, H (M1): 
Similarly, we can show that 


Fran) (Ys — 92) S Fran) o Fan 2) Franw (si) 2 Fran (y); 
This completes the proof. 


2. For a € y71(E) and 21,22 € Rj, we have, 


IA 


Ty spyy(@)(%1 — 22) = Thy tyay(Y(@1 — &2)) 

= Tyyw(ay(Y(21) — Y(x2)) 
wlw(a)| (P(#1)) * Dey (ay (YP (x2) 
ern (a) (1) * Ts, 1 yy (ay(@2) 


Tha (a(T@1) = Tryway(y(rei 


| IV 
33 
| 








IV IV 
le 
2 
— 
S 
= 
S 


Ty,-a¢y(a)(@1) 
Next, 


Thay (a) (1 —%2) = Ip, v(a) (p(x1 — £2)) 

= Tpytya@(e(21) — p(r2)) 
wide (P(21)) > Lpy tay) (Y(£2)) 
@ 1a (a) (1) OL fa eyy(a) (2) 


es 


Il 1A 
ea 
| 


Ty vey) (@) (721) = TL sy ppca) 








IA IA 


ee ) 


Ty, 1 y(@)(*1) 


Similarly, 1 ee (xy = X2) < Pr ay (a) (x1) °° Es tien (0) (x2) and 


Fy sap (a(?21) a FF a (a) (1); 
This proves the 2nd part. 
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3.10 Theorem 


Let (y, w) be a neutrosophic soft homomorphism from a ring R, to a ring Ry. Suppose 
(M, E) and (N, E) are neutrosophic soft completely prime ideals over R, and Ro, 
respectively. Then, 

1. (y,w)(M, FE) is a neutrosophic soft completely prime ideal over Ry. 

2. (y,w)~1(N, E) is a neutrosophic soft completely prime ideal over R,. 


Proof. 1. If possible, let (M, F) be a neutrosophic soft completely prime ideal over 
R, but (y,w)(M, F) is not so over Ra. Then for b € W(E) and y1, yo € Ro, 


=> max = max [T¥,,(a)(%)} > maxy{( max max |T',,(a)()|), 


max max |T’',,(a)(@ 


=> max [T},,(a)(Z)| > max{( max [Ty,,(a)(x)]),( max [Ty,,(a)(2)])} 
p(x)=y1y2 p(x)=y1 p(x)=y2 


aad Tao [Th (a) (x)] = max{T'f,;(a) (21), Thar(a) (x2)} 
e(@)=yiye 


Since the inequality holds for each 71, x2 € Ry satisfying y(x1) = y1, y(2) = y2 sO we 
have T'p,,(a)(€1%2) > max{T,,(a)(1), Pfy,(a) (£2) } which is a contradiction to the truth 
that (M, F) is a neutrosophic soft completely prime ideal over R,. We can reach to 
the same conclusion taking the indeterminacy membership function (J) and falsity 
membership function (F’) also. Hence we get the first result. 


2. Fora €7y71(E) and 21,22 € R,, we have, 
Ty sey) (@ (4122) = Thy tw(ay(P (e122) 
= Try twa (9(41) 9(22)) 
max{T ry [ay (Y(£1)), Tpwfw(ay(Y(£2)) F 
= max{Ty 4 )(a)(€1)s Tf, -1¢y)(@ (#2) } 


IA 


Tf ay (@) (2122) = Tpyty(a((#1£2)) 
= Tpypu@y(9(21) 9(£2)) 
> min{l yy [y(ay(Y(21)); Lev e@y (P(22)) 
= mint] 4 yy(a)(®1), Lp, a ¢yy(a)(®2) F 
Fp seyy(a)(t1%2) = Fyyty(ay)(Y(4122)) 
= Fry @(9(e1) 9(%2)) 
min{ Fry (y(a))(Y(£1)), Fev tora] (P(@2)) } 
= min{ Fy 1 .,(a)(€1), Fe 1p) (@(@2)h 
This shows the 2nd result. 


IV 


4 Neutrosophic Soft Completely Semi-Prime Ideal 


In this section the concept of semi-prime ideal, completely semi-prime ideal of a ring 
R and neutrosophic soft completely semi-prime ideal are focussed. 
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4.1 Definition 


1. An ideal J of a ring R is called a semi-prime ideal if there is another ideal J of R 
such that JJ CIs JCI. 


2. An ideal J of a ring R is called a completely semi-prime ideal if for x € R, 
cz € J>x€ J. xx is denoted by 2”. 


4.1.1 Example 


1. Let R = {0,2,y,z} be a ring. The two binary operations addition and multipli- 
cation on R are given by the following tables : 




















Table 5 Table 6 














RIS}, Ryo 
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Then {0, x} is a completely semi-prime ideal of Ras 0-0 =0,a-" =a, y-y =y, 2:2 =z. 
2. Consider the Example [3.1.1](3). Then {0, x} is not a completely semi-prime ideal, 
because z-z=2z,y-y =0 but y, z € {0,2}. 


4.2 Proposition 


Every completely prime ideal of a ring R is a completely semi-prime ideal of R. 


Proof. By taking y = x, the proof follows directly from Definition [3.1]. 


4.3 Definition 


Let R be a ring and EF be a parametric set. A neutrosophic soft ideal N over (R, F) 
is called a neutrosophic soft completely semi-prime ideal if Vz,y € R and Ve € E, 


Tiley") < Try (e)(2); T py(e)(2?) 2 T py (e) (2), Fyy(e)(2") Z Fry (e)(2). 


4.3.1 Example 


Consider the Example [4.1.1](1). We define an NSS M over (R, E) as following, 
Vré€ Rand Vee LE, 


_ f (0.4,0.1,0.5) ifr e {0,2} 
Lfar(e)](r) = { (0.2,0.5,0.8) ifr ¢ {0,2}. 


Then M is a neutrosophic soft completely semi-prime ideal over (R, FE). 
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4.4 Lemma 


A neutrosophic soft ideal N over (R, F) is a neutrosophic soft completely semi-prime 
ideal iff [fv(e)](x?) = [fr(e)](x), for every e € E,x € R. 


Proof. Let N be a neutrosophic soft ideal over (R, E) with [fy(e)|(x?) = [fw(e)] (2), 
Ve € E and Vz € R. Then by Definition [4.3], N is a neutrosophic soft completely 
semi-prime ideal over (R, EF). 

Conversely, if N is a neutrosophic soft completely semi-prime ideal by Definition 
[4.3], Ty (e)(2”) = Thy (e) (2), I py (e)(27) 2 Tpy(e)(2), Fy (e)(2*) 2 Fry (e)(2) and as N 
is a neutrosophic soft ideal over (R, FE), then Tyy(e)(z?) > Thyie (2), Lfy(e (a?) < 
Tivle(@)s Preey(t2) < Fjyiey(0)- Hence [fr(e)](22) = [fn(e)](2) for every e € Ex € 
R. 


4.5 Theorem 


An NSS N over (R, E) is a neutrosophic soft completely semi-prime ideal iff for 
e€ EL, S= {xe R: |fn(e)|(x) = [fw(e)](0,-)}, 0, being the additive identity of ring 
R, is a completely semi-prime ideal of R. 

Proof. Let N be a neutrosophic soft completely semi-prime ideal over (R, E). Then 
[fv (e)](x?) = [fv(e)](x) for every e € E,x € R. Now let x? € S. Then [fy(e)](z?) = 
[fn (e)](0,) => [fr(e)|(2) = [fu (e)](0,) > 2 € S. Hence S is a completely semi-prime 
ideal of R. 

Conversely, if S is a completely semi-prime ideal of R. Then x? € S > x € S. Since 
x? € S, then [f(e)](2*) = [fv(e)](0,) and [fiv(e)](z) = [fv(e)](,) = [fr(e)](2?) = 
[fv(e)|(2). Hence by Lemma [4.4], N is a neutrosophic soft completely semi-prime 
ideal over (R, FE). 


4.6 Theorem 


An NSS N is aneutrosophic soft completely semi-prime ideal over (R, ) iff | fx (€)|(a,,7) 
is a completely semi-prime ideal of R where a € ImT ,(e), 8B € ImIpy(e), Y € 
Im Fry (e) : 


Proof. Let N be a neutrosophic soft completely semi-prime ideal over (R, £). Then 
[fw (e)](2*) = [fiv(e)](). Now, 
oe [fv (€)](0,8,7) 
=> Thy(o(2") = 0, Ipy(e(2") < B, Fpyie(@") $7 
=F Ty (e)(2) Z a, py (e)(@ = B, Fy (e)(2) ay. 
=> rE [fn(elaey 


Hence, [fv (€)](a,6,7) is a completely semi-prime ideal of R. 
Conversely, let [fr(e)](a,3,7) be a completely semi-prime ideal of R. Then x? € 


[fn (e)] (0,81) > © € ([fv(e)](ag,7) Le. 
Tree) Salas ) <p, ila). = ¥ 
=> Tyy(e\(") = 0, Tpy(e)(Z) < 8, Fue (%) < 
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Now, suppose [fw(e)](x2) # [fw(e)(z). Let [fw(e)l(z) = (tistasts). Then 2? ¢ 
[fn (€)](t1,t2,t3) but x € [frv(€)](e1,t2,t3) Which is a contradiction as [f(e)](a,2,7) is a 
completely semi-prime ideal of R. Hence [fy(e)|(z?) = [fw(e)](z) and so N is a 
neutrosophic soft completely semi-prime ideal over (R, E) by Lemma [4.4]. 


4.7 ‘Theorem 


Let (y, w) be a neutrosophic soft homomorphism from a ring R; to aring Ry. Suppose 
(M, £) and (N, £) are neutrosophic soft completely semi-prime ideals over Ry and 
Ro, respectively. Then, 

1. (y,v)(M, EF) is a neutrosophic soft completely semi-prime ideal over Ro. 

2. (y,w)~1(N, E) is a neutrosophic soft completely semi-prime ideal over Rj. 


Proof. 1. If possible, let (V7, E) be a neutrosophic soft completely semi-prime ideal 
over R, but (vy, w)(M, F) is not so over Ra. Then for b € W(E) and y € Ra, 


TF ay a > Leas) (y) 
=> max, max Liana y(x)] > max max [T},,(a)(x)] 


p(a)=y? p(a)=b y(x)=y v(a)=b 
= max |Tp,(a)(e)] > max [Tp,,(a)(2)| 
p(x)=y pl(a)=y 
=e Bee [Tyre(a)(2)] = Thrr(a) (2) 


Since the inequality holds for each x € R satisfying p(x) = y, so we have T},,(a)(«”) > 
Tyy,(a)(£) which is a contradiction to the fact that (MV, ) is a neutrosophic soft 
completely semi-prime ideal over R,. We can reach to the same conclusion taking the 
indeterminacy membership function (J) and falsity membership function (F’) also. 
Hence we get the first result. 


2. Fora € w71(E£) and x € R,, we have, 

Thala) (") = Try twa) (9(2*)) = Tra ((2))” S Tryon (Y(2)) = Thay (2), 
Tp a (a(2?) = Levu (P(2")) = Levio@ (92)? = Ltn (G(@)) = Ips, (2); 

Fr ayy) (2°) = Fry toa (V(2")) = Fywtwa(9(@))” = Fyvtoa(9(@)) = Fy -rgy(@(@); 


This proves the 2nd result. 


5 Neutrosophic soft prime k-ideal 


5.1 Definition 


A neutrosophic soft ideal N over (R, £) is said to be a neutrosophic soft k-ideal over 
(R, FE) if Vz,y € Rand Ve € E, 


Tes (e) (x) 2 min{T’p, (e) (x ons Wy), Lpte) (y)} 
Te, (e) (x) s max{I fy (e)(x ot y), Tryce(y)} 
Peed) a max {Fry (e) (x ze y); Fy (ey (y) } - 
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5.1.1 Example 


1. Let Z be the set of all integers and E = {e),€2,e3} be a parametric set. We 
consider an NSS N over (Z, £) given by the following table : 


Table 7 
frn(é1) fn (e2) fr (es) 
Z, | (0.3,0.8,0.5) (0.4,0.5,0.7) (0.7, 0.6, 0.4) 
Z> | (0.4,0.6,0.3) (0.6,0.2,0.4) (0.7, 0.4, 0.2) 
Z3 | (0.6, 0.2, 0.1) (1, 0,0) (0.9, 0.1, 0.1) 














where Z; = {£1,+38,+5,---},Z. = {£2,+4,+6,---},Zs3 = {0}. Then N is a neu- 
trosophic soft k-ideal over (Z, F’). To verify it, we shall show 
(i) fx(e) is neutrosophic subgroup of (Z,+) for each e € E. 
(ii) fv(e) is both neutrosophic left and right ideal of Z for each e € E. 
(iii) fiv(e) is neutrosophic k-ideal of Z for each e € E. 
If x € Z,,y € Zo then x — y € Z,. We then write Z, — Zz = Z, and so on. 
Here Z, — Z, = Zo or Z3, Zy — Zo = Z,, Z, — Z3 = Z3, Zo — Zo = Ze or Zz, 
Zo — Z3 = Zo, Z3 — Z3 = Z3. Then Table 7 shows the result (7) obviously. 
Next Z,.Z4 = Zi, Zy.L = Zo, Z3.L3 = Z3, Zy.L41 = Z1.Z9 = Zo, Z,.Z3 = 
Z3.Z, = Z3, Z2.Z3 = Z3.Z2 = Z3. Then the result (iz) also holds by Table 7. 
Finally Z, + Z, = Zo or Z3, Z,+Zo=Z,, Z,+Z3 = Z3, Zo+ Ze = Zo or Zz, 
Zo + Z3 = Zo, Z3 + Z3 = Z3. The Table 7 then meets the result (iii) clearly. 
2. Let R be the set of real numbers and F’ = {e1, €2, e3} be a parametric set. Consider 
an NSS M over (R, F) given by the following table : 


Table 8 
fiu(e1) fu (ea) fur(e3) 
Q | (0.6,0.1,0.3) (0.8,0.2,0.4) (0.5, 0.6, 0.7) 
Q‘ | (0.5,0.4,0.7) (0.4,0.5,0.6) (0.3, 0.7, 1) 














where Q and Q‘¢ are the set of rational and irrational numbers, respectively. If 
rE Q,y € QO then xr — y € Q®. We write Q — Q° = Q‘ and so on. 

Then Q—-Q=Q, Q- Q°= QQ’, Q°—- Q = Q or QA. Clearly fi(e) is neutrosophic 
subgroup of (R,+) for each e € E by Table 8. 

Next, Q.Q = Q, Q.Q° = Q*, Q’.QS = Q or Q®. Then Table 8 shows that fy;(e) is 
neutrosophic ideal of R for each e € E. 

Finally Q+Q=Q, Q+Q°= Q*, Q°+ Q° = Q or Q’. Then fy;(e) is neutrosophic 
k-ideal of R for each e € E by Table 8. 

Hence M is a neutrosophic soft k-ideal over (R, F). 


5.2 Definition 


A neutrosophic soft k-ideal P over (R, FE) is said to be a neutrosophic soft prime 
k-ideal if (i) P is not constant over (R, £), (ii) for any two neutrosophic soft ideals 
M,N over (R, FE), MoN C P= either MC PorNCP. 
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5.3 Theorem 


Let P be a neutrosophic soft prime k-ideal over (R,E). Then Po = {x € R: 
[fre(e)|(x) = [fr(e)](0-), Ve € E} is a prime k-ideal of R. 


Proof. Let x,x+y € Po for z,y € R. Then [fp(e)](x) = [fp(e)|(a + y) = [fp(e)](0,). 
Since P is a neutrosophic soft k-ideal over (R, E), so Ve € E, 


Tt p(e )(y) = min{ Tf, (e) (x+y), Tt p(e )(x y= Dyer ay Oy ve 
Tip(e )(y) < max{If,(c) (x se Y)s Lfp(e)(x r)} = = T5p(e)(Or), 


Fyp(e)(y) < max{Fypce)\(z + y), Fyp(e(@) } = Fp (0); 


But Typ(e)(Or) = Tyee (¥)s Ltp(e)(Or) S Ltp(ey(¥)s Frete)(Or) < Frey), Ve € EF. 
Thus Typ@(¥) = Tyo(e)Or), Lie(¥) = Lppce(Or), Frotey(y) S Frees), Vee E 
, [fe(e)l(y) = [fr(e)|(0,) and so y € Py. Hence Py is a k-ideal of R. Also by 


ee [2.11](6), Po is a prime ideal of R. This completes the proof. 


5.4 Theorem 


Let P be a neutrosophic soft prime k-ideal over (Z, E),Z being the set of integers 
with Po = {x € R: |fp(e)|(x) = [fr(e)|(0), Ve € LE} = nZ, n being a natural number. 
Then |fp(e)| <r, where r is the number of distinct positive divisor of n. 


Proof. Let a(# 0) be an integer and d = gcd(a,n). Then there exists r,s € Z— {0} 
such that ns = ar +d or ar = ns +d. We shall now estimate following two cases : 
Case 1: When ns = ar +d, then Ve € E andasn € Po = nZ, 


Typ(e(ar + d) = Th,(e)(M8) = Typ(e)(r) = Thp(e)(0) = Type (ar), 
Trp(e)(ar + d) = Tpp(e)(08) < Tppce)(n) = Tpp(e(0) < Tp on r), 
Fype)(ar + d) = Fype)(ns) < Fppcey(m) = Fype)(0) < Fppie(@r); 


Again P is a neutrosophic soft k-ideal over (Z, FE). So, 





Typ(e)(d) = min{Ty,(e)(ar + d), Ty,(e)(ar)} = Typ(e)(ar) = Typ(e)(@), 
Tfpce )(d) < max{If,(e)(ar + d), Ifp(e) (a ry = Tfp(e )(ar) < Tgp (e) (a), 
Fyp(e)(d) < max{ Fe) (ar + d), Fppcey(ar)} = Fyprey(ar) < Fypiey(a); 


Case 2: When ar = ns +d, then Ve € EF and as n € Po = nZ, 


Typ(e)(ns + d) = Ty, (e)(ar) > Type) (a), 
Tpp(e\(ns + d) = Tfpcey(ar) < Tppce)(@), 
Fy, (e)(ns + d) = Fppe(ar) < Fpp(e)(a); 





Again, 


Typ(e)(ns) = Typ(e)(n) = Type)(0) = Type) (a), 
Tfp(e)(ns) s T5p(e)(n) = Tp (e)(0) Sf (e)(a F 
Frp(e)(ns) < Fype(m) = Fee) (0) < Pps (a); 
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Now as P is a neutrosophic soft k-ideal over (Z, EF) so, 


Tf (e) (d) as min{T fp (e) (ns aie d), Ttp(e) (ns)} > = Tt p( e)(@), 
I fple )(d) < max{Ifp(¢)(ns +d), Lf ple )(ns) } < TL fp(e (a), 
Fpp(e)(d) < max{Ffp(e)(ns + d), Ffp(e)(ns)} < Fpp(e)(@); 


Thus in either case Ve € E, 

Thp(e)(d) = Thp(e)(@), Lpp(e(@) S Lppe(@), Freie (@) < Fyp(e) (a); 

Further since d is a divisor of a, there exists t € Z— {0} such that a = dt. So Ve € E, 
T,(c)(@) ars T,(e) (dt) 2 Ts,(e)(d), lee )(a a) = > Tgp(e )(dt) = Trp(e)(d), 

Fp (e)(@) = Fyp(ey (dt) < Fyp(e)(@); 

Hence Typ(e)(@) = Typ(e)(@), T fp(e)(d) = Tfp(e)(@), Fs,(e)(d) = Fs, (e)(@), Ve € 
Thus for any integer a(# 0) there exists a divisor d of n such that [fp(e)|(d) 
[fp(e)|(a), Ve € E. 

If a= 0 then tee e)(a a) = eee )(0) = he y(n), Tpp(e)(@) = I fp(e) (0) = Tpp(e)(), 
Fyp(e)(@) = Fp(e)(0) = Fyp(ey(n), Ve 

This follows the theorem. 


5.5 Lemma 


For a neutrosophic soft prime k-ideal N over (Z,F)(Z being the set of integers), 
No = pZ is a prime k-ideal of Z iff p is either zero or prime. 

This result is similar to the matter incase of prime ideal in the ring of integers in 
classical sense. So the proof is omitted. 


5.6 Theorem 


Let N be a neutrosophic soft prime k-ideal over (Z, F),Z being the set of integers. 
Then |fn(e)| = 2 for each e € E. 

Conversely, if N is an NSS over (Z, E) such that for each e € E, | fiv(e)|(a) = (1,0, 0) 
when p|x and |f(e)|(~) = (a, 6,7) when p fx, p being a fixed prime and 8 > 0,7 > 
0,a <1, then N be a neutrosophic soft prime k-ideal over (Z, F). 


Proof. Let N be a neutrosophic soft prime k-ideal over (Z, E) with No = pZ. By 
Theorem [5.3], No is a prime k-ideal of Z. Hence by Lemma [5.5], p is prime ie., p 
has only two distinct divisors namely 1, p. So by Theorem [5.4], |fy(e)| < 2. But N 
being a neutrosophic soft prime k-ideal can not be constant, so |f(e)| = 2, Ve € E. 
Conversely, let N be an NSS over (Z, F) satisfying the given conditions. Let x,y € Z. 
If Try (e)(@) = a or Thr (ey(y) = a then Ty, (e)(@ + y) = 1 or a and so 

Tyy(ey(@ + y) 2 min{T yy (e)(©), Tyr (ey(y) f- 

If Try (e)(v) = 1 and Ty, (e)(y) = 1 then p|x and ply. It implies p|(a + y) and 

Thy (@ + y) = 1 = min{T hy (¢)(@), Tyrie (y)F- 

Thus in either case Ty, (-)(« + y) > min{T},(e)(x), Trrie(y)}, Vz, y € Z, Ve € E. 
Next, if Ip, (e)(@) = 8 or Ipycey(y) = B then Ip, (e)(x + y) = 0 or G and so, 

T py (e)(@ ty) < max{Ify(e)(Z), T py (ey (Y) f 

If [py (e)(x) = 0 and Ty, e)(y) = 0 then p|x and ply. It implies p|(x + y) and 

Tpy(e(@ + y) = 0 = mint py (e)(£), [py (ey) F- 
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Thus in either case If, (e)(a + y) < max{I py (c)(@), Ipycey(y)}, Va, y € Z, Ve € E. 
Finally, if Fy, (e)(x) = 8 or Fyycey(y) = 8 then Fyy(e)(«@ + y) = 0 or 6 and so 

Fey (e)(a te ) max{ F’p, (e)(x), Fry (ey (yh: 

If Fry (e)(x) = 0 and Fy (e)(y) = 0 then p|x and ply. It implies p|(x + y) and 
Pry(e(@ + y) = 0 = min{ Fp, (e)(), Pry (ey (y)F- 

Thus in either case F's,(¢)(« + y) < max{Fp, (2), Fer(e(y)}, Ve,y € Z, Ve € E. 
Further if [fyy(e)](z) = (a, 8,7) then either [fy(e)l(ay) = (a, 8,7) or [fv(e)] ey) 
(1,0, 0) 1.€., Ty (e) (ty) 2 Ty(e)(2), T py (e)(£Y) = Lp (e)(2); Fry (e)(2Y) < Fyy(e) (2). 
If [fv(e)|(z) = (1,0,0) then plz and so pizy. Then [fn(e)|(z) = [fw(e)|(zy) = 
(1,0,0). Thus in either case we have Vz,y € Z and Ve € E, 

Piye(ty) 2 Thy (@(®); Line (#Y) S Ltw(ey(®), Fi (ey(#y) S Fry (2). 

So N is a neutrosophic soft ideal over (Z, FE). 

We shall now prove that N is a neutrosophic soft k-ideal over (Z, EF). 

If [fu (e)|(a + y) = (a, 6B, y) or [fn (e)](y) = (a, 6,7), then the inequalities in Defini- 
tion [5.1] are obvious. 

If [fiv(e)]( + y) = (1,0, 0) or [fiv(e)](y) = (1,0, 0), then p|(a + y) and ply. It implies 
p|x and so [f(e)|(a) = (1,0,0). Thus the inequalities in Definition [5.1] hold clearly. 
Therefore N is a neutrosophic soft k-ideal over (Z, F}) and so No is a k-ideal over Z. 
Finally, we shall prove that N is a neutrosophic soft prime k-ideal over (Z, EF). 

To prove it, we shall first show that No = pZ is a prime k-ideal of Z. Now, 

 € No & [fw(6)](e) = [f(€)](0) = (1,0,0) © ple 2 =pm,me Zee e ph. 
Thus No = pZ, p being a prime and so Np is a prime k-ideal of Z by Lemma [5.5]. 
Further, |fw(e)| = 2,Ve € EF namely (1,0,0) and (a,6,7). So N is not con- 
stant over (Z, ). Now assume two neutrosophic soft ideals S,Q over (Z, £) such 
that SoQ C N and S Z N,Q ZN. Then there exists x,y € Z such that 
Ty((t) > Thye(®), Tiscy(@) < Try (®), Frs(e(@) < Fry(@) and They) > 
Tyy(e\(¥), Ligon) < Liviely), Frooly) < Finely), Ve € &. Then [fr(e)](x) = 
[fr(e)|(y) = (a, 8,7) obviously and so x,y ¢ No. It implies ry ¢ No as it is a 
prime k-ideal of an abelian ring Z. So [fy(e)|(zy) = (a, 8,7). Thus Ty,,9(e)(vy) < 
Try(e(ty) = 0, Lfsoq(ey(ty) 2 Livi (2Y) = Bs Fiscq(ey(ty) 2 Fiv(ey(ey) = 7. But, 





Lfsoq(e) (xy) 2 Ths (e) (x) m Tyho(e) (y) > a, 
Fpsoq(e (LY) S Lps(e)(Z) > Lege (y) < B; 
Fyeg@ by) S Pye (2) o Fgh) <7 


It opposes the fact. This ends the theorem. 


6 Conclusion 


The aim of this paper is to put forward the study of the concept neutrosophic soft 
prime ideal introduced in [26]. Here we have studied about neutrosophic soft com- 
pletely prime ideal, neutrosophic soft completely semi-prime ideal and neutrosophic 
soft prime k-ideal. They are defined and illustrated by suitable examples. Their re- 
lated properties and structural characteristics have been investigated also. Moreover 
a number of theorems have been developed in virtue of these notions. The concepts 
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will bring a new opportunity in research and development of algebraic structures over 
NSS theory context, we expect. 
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Abstract. This paper aims to introduce a single valued 
neutrosophic soft approach to rough sets based on neu- 
trosophic right minimal structure. Some of its properties 
are deduced and proved. A comparison between tradi- 
tional rough model and suggested model, by using their 
properties is concluded to show that Pawlak’s approach 


to rough sets can be viewed as a special case of single 
valued neutrosophic soft approach to rough sets. Some of 
rough concepts are redefined and then some properties of 
these concepts are deduced, proved and illustrated by 
several examples. Finally, suggested model is applied in 
a decision making problem, supported with an algorithm. 


Keywords: Neutrosophic set, soft set, rough set approximations, neutrosophic soft set, single valued neutrosophic soft set. 


1 Introduction 


Set theory is a basic branch of a classical mathematics, 
which requires that all input data must be precise, but 
almost, real life problems in biology, engineering, 
economics, environmental science, social science, medical 
science and many other fields, involve imprecise data. In 
1965, L.A. Zadeh [1] introduced the concept of fuzzy logic 
which extends classical logic by assigning a membership 
function ranging in degree between 0 and | to variables. 
As a generalization of fuzzy logic, F. Smarandache in 1995, 
initiated a neutrosophic logic which introduces a new 
component called indeterminacy and carries more 
information than fuzzy logic. In it, each proposition is 
estimated to have three components: the percentage of 
truth (t %), the percentage of indeterminacy (i %) and the 
percentage of falsity (f %), his work was published in [2]. 
From scientific or engineering point of view, neutrosophic 
set’s operators need to be specified. Otherwise, it will be 
difficult to apply in the real applications. Therefore, Wang 
et al.[3] defined a single valued neutrosophic set and 
various properties of it. This thinking is further extended to 
many applications in decision making problems such as [4, 
5]. 
Rough set theory, proposed by Z. Pawlak [6], is an 
effective tool in solving many real life problems, based on 
imprecise data, as it does not need any additional data to 
discover a knowledge hidden in uncertain data. Recently, 
many papers have been appeared to development rough set 
model and then apply it in many real life applications such 
as [7-11]. In 1999, D. Molodtsov [12], suggested a soft set 
model. By using it, he created an information system from 


a collected data. This model has been successfully used in 
the decision making problems and it has been modified in 
many papers such as [13-17]. In 2011, F. Feng et al.[18] 
introduced a soft rough set model and proved its properties. 
E.A. Marei generalized this model in [19]. In 2013, P.K. 
Maji [20] introduced neutrosophic soft set, which can be 
viewed as a new path of thinking to engineers, 
mathematicians, computer scientists and many others in 
various tests. In 2014, Broumi et al. [21] introuduced the 
concept of rough neutrosophic sets. It is generalized and 
applied in many papers such as [22-31]. In 2015, E.A. 
Marei [32] introduced the notion of neutrosophic soft 
rough sets and its modification. 


This paper aims to introduce a new approach to soft 
rough sets based on the neutrosophic logic, named single 
valued neutrosophic soft (VNS in short) rough set 
approximations. Properties of VNS-lower and VNS-upper 
approximations are included along with supported proofs 
and illustrated examples. A comparison between traditional 
rough and single valued neutrosophic soft rough 
approaches is concluded to show that Pawlak’s approach to 
rough sets can be viewed as a special case of single valued 
neutrosophic soft approach to rough sets. This paper delves 
into single valued neutrosophic soft rough set by defining 
some concepts on it as a generalization of rough concepts. 
Single valued neutrosophic soft rough concepts (NR- 
concepts in short) include NR-definability, NR- 
membership function, NR-membership relations, NR- 
inclusion relations and NR-equality relations. Properties of 
these concepts are deduced, proved and illustrated by 
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several examples. Finally, suggested model is applied in a 
decision making problem, supported with an algorithm. 


2 Preliminaries 


In this section, we recall some definitions and properties 
regarding rough set approximations, neutrosophic set, soft 
set and neutrosophic soft set required in this paper. 


Definition 2.1 [6] Lower, upper and _ boundary 
approximations of a subset X CU , with respect to an 
equivalence relation, are defined as 
E(X) = AL p Bp GX} E(X) = Dele bee OX #9), 
BND,(X) = E(X)—E(X), where 
[x], ={x €U: E(x) =E(x)}. 
Definition 2.2 [6] Pawlak determined the degree of 
crispness of any subset X CU by a mathematical tool, 
named the accuracy measure of it, which is defined as 


p(X) = E(X)/ E(X),E(X) # 6. 


Obviously, 0< a@,(X) <1-If ECX)= E(X), then xX is 
crisp (exact) set, with respect to E, otherwise x is rough 
set. 


Properties of Pawlak’s approximations are listed in the fol- 
lowing proposition. 

Proposition 2.1 [6] Let (UV, Z) be a Pawlak 
proximation space and let X,Y CU. Then, 

(a) E(X) CX CE(X)- 

(b) E(¢)=¢= Eg) and EU) =U = EWU): 

(Cc) E(X UY) = E(X)VE()- 

d) E(XOY)=E(X)NEY). 

(e) X CY, then E(X)c E(Y) and F(X) c E(Y)- 
() E(X VY) DE(X)VEYY). 

(g) E(X AY) CE(X)OE(): 

(h) E(x‘) =[E(xX)]', X° is the complement of X . 
@) EX") =[ECXOT - 

Q) E(E(X)) = E(E(X)) = E(X)- 

(kK) E(E(X)) = E(E(X)) = E(X)- 





Definition 2.3 [33] An information system is a quadruple 
IS =(U,A,V, f), where YU is a non-empty finite set of 
objects, A is a non-empty finite set of attributes, 


VSN eae v is the value set of attribute e , 
e’ e 
f:UxA-V is 


function. 


called an information (knowledge) 


Definition 2.4 [12] Let U be an initial universe set, E be 
a set of parameters, AcE and let pry) denotes the 


power set of U. Then, a pair §=(F,A) is called a soft set 
overtuy, where F’ is a mapping given by F:A— PU). 
In other words, a soft set over U is a parameterized family 
of subsets of U . For e e A, F(e) may be considered as 
the set of e -approximate elements of §. 


Definition 2.5 [2] A neutrosophic set Aon the universe of 
discourse U is defined as 
A= (2,7 (),1 4), F409) :x €U},where 


OST (+1 4()+ Fy (x) $3", and? I, F > fort] 


Definition 2.6 [20] Let U be an initial universe set and E 
be a set of parameters. Consider ACE , and let 
P(U) denotes the set of all neutrosophic sets of U . The 
collection (F,A)is termed to be the neutrosophic soft set 
over U, where F is a mapping given by F': A — P(U). 


Definition 2.7 [3] Let X be a space of points (objects), 
with a generic element in X denoted by X . A single 
valued neutrosophic set A in X is characterized by 
truth-embership function T,, indeterminacy-membership 


function /, and falsity-membership function F,. For 
each point X in X , T,(X),] ,(X),F ,(X) e [0,1]. When X is 
continuous, a single valued neutrosophic set A can be 
written as A =], (T(x)Ix), F(x) xe X . When X is 
discrete, A can be written as 4 =5" (x, I(x, \Flx,))iux, €X. 

soft 


3 Single valued neutrosophic set 


approximations 


rough 


In this section, we give a definition of a single valued 
neutrosophic soft (VNS in short) set. VNS-lower and 
VNS-upper approximations are introduced and_ their 
properties are deduced, proved and illustrated by many 
counter examples. 


Definition 3.1 Let U be an initial universe set and Ebe a 
set of parameters. Consider ACE , and _ let 
P(U ) denotes the set of all single valued neutrosophic sets 
of U . The collection (G,A) is termed to be VNS set over 
U , where G is a mapping given byG: A—> P(U). 


For more illustration the meaning of VNS set, we 
consider the following example 
Example 3.1 Let U be a set of cars under consideration 
and FE’ is the set of parameters (or qualities). Each 
parameter is a neutrosophic word. Consider / = {elegant, 
trustworthy, sporty, comfortable, modern}. In this case, to 
define a VNS means to point out elegant cars, trustworthy 
cars and so on. Suppose that, there are five cars in the 
universe U , given byU ={h,,h,,/,,h,, hs} and the set of 
parameters A = {e,,e,,e;,e€,}> where AcE and each e, is 
a specific criterion for cars: e, stands for elegant, e, stands 
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for trustworthy, e, stands for sporty and e, stands for 
comfortable. 

A VNS set can be represented in a tabular form as shown 
in Table 1. In this table, the entries are cj Conespondine to 
the car f; and the parameter e,° where ci (true 
membership value of };;, indeterminacy- aerabersiip value 
of f,;, falsity membership value of fj; ) in Gle;)- 








U e, e; ey e, 

mM (6,.6,.2) (8.4.3) (7,43) (8,.6,.4) 
ha (.4,.6,.6) (6,.2,.4) (6,.4,.3) (7, 6.6) 
As (.6,.4,.2) (81,3) (7,.2,.5)  (7,.6,.4) 
Be 568 BY (ROAD) S286 C158) 
Wes RD Saye (BAD). GHG, Ae. COS) 





Table: Tabular representation of (G, A) of Example 3.1. 


Definition 3.2 Let (G,A) be a VNS set on a universe U. 


For any element heU , a neutrosophic right 
neighborhood, with respect to e € Ais defined as follows 
h,={h,<U: 


T.(h,) =T.(h).1,(I,) = 1h), FAI) < FAY}. 


Definition 3.3 Let (G,A) be a VNS set on U. Neutrosophic 
right minimal structure is defined as follows 
6 =(U,¢,he:heU,e€ A} 


Illustration of Definitions 3.2 and 3.3 is introduced in the 
following example 
Example 3.2 According Example 3.1, we can deduce the 








following results: he = oh, = Sh, he = 
Py = {hhh hy? My, = {hh hi)? My, =, = th sh}? 

- nih h hye hy, = {hh hy hy, =(h, h,, hy hy,, = {hh} 

By, =U > Mag, = thst hh? Ms, = hs, = Msg, = {AY Ms, = {hh} 


It follows that, 

GS ={({h}. ths}. {hh }.{h.h3},{h, hs}, {hh}, 
{h,,,,13},{h,,43,h,},{h, 43,45}, {h,,h,,h;,h,} 
{h,,h,,h,,hs},{h,,h,,h,,hs},U, 9} 

Proposition 3.1 Let (G, A) be a VNS set on a universe U , 


& is the family of all neutrosophic right neighborhoods on 
it, and let 


R.:U 9ER(h) =h, 


Then, 
(a) R,is reflexive relation. 


(b) R, is transitive relation. 


(c) R,may be not symmetric relation. 


Proof Let (i, T(h),t (h),F (h)) > (h ne 
and (h, T (h,), I (h.), Fh, \eGCAy. Then 


(a) Obviously, sie (h,) = Tt (h ) , T (h, )= i (h, ) and F (h) 


=F (h,)- For every e€ A, h, € h,,. Then h, R, h, and 


then R, is reflexive relation. 
(b) Leth R h andy, Rf}, then, Ep andy € 
1 e 2 2 e 3 2 le 3 


h, . Hence, T (h,) Zz T (hI (h,) 2 I (h,)> F (h,) 


< F (h)>T (h,) = T (h,)> T (h,) 2 I (h,) and 


F (h.) S&S F (h_). Consequently, we have T (h_) 2 
e 3 e 2 e 3 


T (h)> 1 (h,) 2 1(h) and F (h.) S F (h)-It 


follows that, ; € , .Theny, R jf andthen R is 
3 le 1 e 3 e 


transitive relation. 
The following example proves (c) of Proposition 3.1. 


Example 3.3 From Example 3.2, we have, h,, = {h,} and 
hy, = {h,, hy Hence, (h,,1,) © R, but (h sh ye R,- 
Thén, R; ish’t symmetric relation. 

Definition 3.4 Let (G,A) be a VNS set on U , and let ¢ be 
a neutrosophic right minimal structure on it. Then, VNS- 
lower and VNS-upper approximations of any subset X 
based on ¢ , respectively, are 


SX =AYeg:¥YcX}, 
SX =A¥ el:Y DX}. 


Remark 3.1 For any considered set X in a VNS set (G,A), 
the sets 
Ppt = Saks Nyetais ET, 
bypX = SX - PypX 

are called single valued neutrosophic positive, single 
valued neutrosophic negative and _ single valued 
neutrosophic boundary regions of a considered set X , 
respectively. The real meaning of single valued 
neutrosophic positive of X is the set of all elements which 
are surely belonging to X, single valued neutrosophic 
negative of X is the set of all elements which are surely not 
belonging to X and single valued neutrosophic boundary of 
X is the elements of X which are not determined by (G,A). 
Consequently, the single valued neutrosophic boundary 
region of any considered set is the initial problem of any 
real life application. 


VNS rough set approximations properties are introduced in 
the following proposition. 

Proposition 3.2 Let (G,A) be a VNS set on U, and let 

X,Z CU . Then the following properties hold 
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(a) S.XcXcS*X. 

(b) S.G=S*O=G. 

(c) SU =S*U =U. 

(dd) X CZ > SX CS,Z. 
(GEXA CZ -Ss. SX eEN'Z, 
(f) S.(X AZ) CSX AS,Z. 
(g) S(X UZ) D S.X VUS,Z. 
(h) S(XAZ)CSXAS*Z 

(i) S*\(X UZ) DS*XUS*Z. 


Proof 
(a) From Definition 3.3, obviously, we can deduce that, 


SXcXcS*X. 


(b) From Definition 3.4, we can deduce that §$,g=¢@ and 
S*d=AVY eE:Yo¢g}=¢. 

(c) From Property (a), we have Uc S*U but U is the 
universe set, then S°U cU . Also, from Definition 3.4, we 
have §U =UfY €€:Y cU}, but U e €. Then, SU =U 
(d) Let X CZ and he §_X, then there exists Y e & such 


that he Y cCX.But X CZ, then he Y CZ. Hence, 
he§,Z. Consequently $,X <S,Z. 


(e)Let X CZandh¢eS*Z.But S°Z =A{Yeé:Y¥D 
.h¢Y and Y DZ suchthatU e & there exists Then. Z} 
But X CZ,then YDX and h¢Y.Hence ne sz. 
Thus s*x cS*Z. 

(f) Let he S(X AZ) =AY € E:¥ CX AZ}. So, there 
exists Y ¢ € such that, heYCX OZ, thn hEeYCX 
and he Y CZ. Consequently, he §,X and he S,Z, 
then he S,X AS,Z. Thus §,(X AZ) cS,X OS,Z. 

(g) Let he S,(X UZ) =AY €€:Y CX UZ}.So, for all 
YeéheY,wehave Y¢X UZ, then Y CX and 
Y ¢ Z. Consequently, hg §,X and h¢S,Z.So 
h¢S,X US,Z.Thus §,(X UZ) D S,X US,Z. 

(h) Let hé S*X AS*Z. Then, h¢ S*X or h¢ S*Z and 
then there exists Y e¢ such that Ya X¥,h¢YorYDX, 
h€Y . Consequently h ¢ S*(X AZ). Thus 


S(XAZ)CSXOAS*Z. 


(i) Let he S*(X UZ). But §*(X UZ) ==AY ec E:Y¥D 

X UZ}. Then, there exists Ye€ such that YD X UZ 
andh¢Y.Then, YOX,h¢Y and YDZ,hHEY. 
It follows that, h ¢ S*X US*Z.Thus §*(X UZ) > S*X 
US'Z. 

The following example illustrates that the converse of 
Property (a) doesn’t hold 


Example 3.4 From Example 3.1, if x = {hy}. then §.X = 
.X #S°X and§$.X #X Hence. s*x ={n,,n,jand ¢ 


The following example illustrates that the converse of 
Property (d) doesn’t hold 

Example 3.5 From Example 3.1, if X ={h,} and Z= 
{h,,h,}, thenS,X =¢, S,Z ={h,,h,}. Thus SX 4S,Z. 


The following example illustrates that the converse of 
Property (e) doesn’t hold 

Example 3.6 From Example 3.1, if x = {h,} and 

Z ={h,,h,}. then, s*x ={h,}and S*Z ={h,,h,, 
h,,hs}- Hence, S*X #S*Z. 


The following example illustrates that the converse of 
Property (f) doesn’t hold 


Example 3.7 From Example 3.1, If x = {h,,h,,h,} 
and Z ={h,,h,,h,}, then §,X ={h,,h,,h,}, S,Z={h,, 
S,(XOZ)#S8,X Hence. §,(X AZ) ={h,} andh,,h,} 
-O0S,Z 


The following example illustrates that the converse of 
Property (g) doesn’t hold 


Example 3.8 From Example 3.1, if X = {h, } andZ = 
{h, } then §,X ={h,}, S,Z =@and $.(X UZ) ={h,h}- 
Hence §$,(X UZ)# S,X US,Z. 


The following example illustrates that the converse of 
Property (h) doesn’t hold 


Example 3.9 From Example 3.1, if X¥ ={h,,h,,h,} and 
Z ={h,,h,,h,}then S*X ={h,,h,,h,}5 

S*Z ={h,,h,,hy,hs} and §*(X AZ) ={h,,h,}. Hence 
S(XAZ)ESXOS‘Z 

The following example illustrates that the converse of 


Property (i) doesn’t hold 
Example 3.10 From Example 3.1, if x = {h,,h,} and 
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Z ={h,}then §*xX ={h,,h,,h,}> S°Z = {h,}and 
S*(X UZ)=U .Hence §*(X UZ) 4 SX US*Z. 
Proposition 3.3 Let (G, A) be a neutrosophic soft set on 
aunverse U , and let X,Z CU . Then the following 
properties hold. 

(a) S,S,X =S,X 

(b) S*S*X =S°X 

(Cc) S,S°X oS"X 


(d) $*S,X D> S,X 
Proof 


(a) Let W=S,X and heW=U{Y €f:Y CX}. Then, for 
some € € A, we have he Y CW. So he SW. Hence W 
c< SW. Thus, §$WcS,S,W. Also, from Property (a) of 
Proposition 3.2, we have §,X c X and by using Property 
(d) of Proposition 3.2, we get $,S.X cS,X. 
Consequently. §,X =S,S,X 


(b) Let W = S*X and h ¢ W, from Definition 3.4, we 
have W =(\{Y €€:Y > X}. Then there exists Y e €, such 


that YD X andh ¢Y. Hence, there exists Y e €, such 
that YDW and h¢Y,, it follows thath ¢ S’W. 
Consequently W > S*W. Also, by using Property (a) of 
Proposition 3.2, we have Wc S*W. Thus S*S*W=S*W 


Properties (c) and (d) can be proved directly from 
Proposition 3.2. 


The following example illustrates that the converse of 
Property (c) doesn’t hold. 

Example 3.11 From Example 3.1, if X = {h,}. Then 
S*X ={h,}and§,s°x =¢. Hence, §,5°X #S°X. 


The following example illustrates that the converse of 
Property (c) doesn’t hold. 

Example 3.12 From Example 3.1, if x = {h,,h, hs}. then 
S.X ={h,hy,hs}and $*S,X = {Iy,h,,h,,h;}+ Hence 

S°S,X #S,X 


Proposition 3.4 Let (G, A) be a VNS set on U and let 
X,Z CU .Then 

SAX -Z)CS.X-S.Z 
Proof 


Let hE §,(X -Z) =UY €€:Y c(X -Z)}. So, there 
exists Y e € such that he Y c(X-Z), thn he YCX 


and he Y ¢ Z. Consequently, he §,X andh¢ §,Z, then 
he §,X -S,Z. Therefore § (X —Z) c S,X -S,Z. 


The following example illustrates that the converse of 
Proposition 3.4 doesn’t hold. 

Example 3.13 From Example 3.1, if x = {h,,h,,hs} 

and Z = {hh}. then 5,X ={(h,,h,,hs}> S,Z ={h,,hs}, 

S.(X -Z) = pand $,X —$.Z ={h,}- Hence, §,(X -Z) # 
S,X —S,Z 


Proposition 3.5 Let (G, A) be a VNS set on U and let 
X,Z CU. Then the following properties don’t hold 


(a) S,X° =[S*X]° 
(b) S*X* =[S,X]° 
(c) S*(X -Z)=S°X -S*Z 


The following example proves Properties (a) and (b) of 
Proposition 3.5. 

Example 3.14 From Example 3.1, if X = {h,}. Then, 
S,X =S'X ={h}, S,.X° ={h,,h,yand S*X° =U. Thus 
S,X° z[S*X]ands*x° z[S,X]° 


The following example proves Property (c) of Proposition 
39: 

Example 3.15 From Example 3.1, if X = {h,,h,}and 

Z = {h,}. Then S*X ={h,,h,},S°Z={h,}, S*(X -Z)= 

{h,, h,}. Hence $*(X -Z)#5S°X -S°Z. 


Remark 3.2 A comparison between traditional rough and 
single valued neutrosophic soft rough approaches, by using 
their properties, is concluded in Table 2, as follows 


4 Single valued neutrosophic soft rough concepts 


In this section, some of single valued neutrosophic soft 
rough concepts (NR-concepts in short) are defined as a 
generalization of traditional rough concepts. 


Definition 4.1 Let (G, A) be a VNS set on U . A subset 
X CU is called 

(a) NR-definable (NR-exact) set if §,¥ =S*X =X 

(b) Internally NR-definable set if §,X =X and S°X #X 
(c) Externally NR-definable set if §,X 4X and S°X =X 


(d) NR-rough set if §,X # X and S°X #X 


The following example illustrates Definition 4.1. 

Example 4.1 From Example 3.1, we can deduce that {h, }, 
{hs}, {M, M1, }. {0.13}, {My Ms}, {Mg sls} > {hy My Mg}.{h, My .hy}.{h, 
Igy }s{ ys Te ts} {Igy Iy tg} Aly Fy sItg, Rs} IIgs} ABE 
NR-definable sets, {h,,h,,h;},{h,,4,,h,,h,} are internally 
NR-definable sets, {h,},{h,,h,},{h,,h,,h,} are externally 
NR-definable sets and the rest of proper subsets of U are 
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NR-rough sets. 


We can determine the degree of single valued neutrosophic 
soft-crispness (exactness) of any subset X CU by using 
NR-accuracy measure, denoted by C_X , which is defined 
as follows 
Definition 4.2 Let (G,A) be a VNS on U , and let X CU. 
Then 

C,X =S,X/S°*X,X#¢ 


Remark 4.1 Let (G,A) be a VNS onU . A subset X CU is 
NR-definable (NR-exact) if and only if CX =1. 


Definition 4.3 Let (G,A) be a VNS on U and let X¥ CU, 

x € X.NR-membership function of anelement X to a set 
X denoted by Ux is defined as follows: 

Myx Ax, AX I/1x,1, where x, =A{x,:ee A} and x, isa 
neutrosophic right neighborhood, defined in Definition 3.2. 


Proposition 4.1 Let (G,A) be a VNS on U, X CU and let 
Lyx be the membership function defined in Definition 4.3. 
Then 

Myx €[0,1] 
Proof 
Where gcx, 0X Cx, then O<|x,AX| <|x,|and then 
O< pyx<i. 


Proposition 4.2 Let (G,A) be a VNS on U and let X CU, 
then 

Myx=l>xex 
Proof 
Let wx =1, then be AX|=|x,|- Consequantly x, < X. 
From Proposition 3.1, we have R, is a reflexive relation 
for alle € A. Hence xe x,Vee A. It follows that x € x,. 
Thus xe X 


The following example illustrates that the converse of 
Proposition 4.2 doesn’t hold. 

Example 4.2 From Example 3.2, we get h,, ={h,,h,}. If 
Xx = (hy shgshg}> then Myh, =12- Although h,eX 
Proposition 4.3 Let (G,A) be a VNS on U and let X,Z c 
U. If X CZ, then the following properties hold 


(a) My XS Myx 
(b) fog XS BX 
C) Mey XS My X 


Proof 
(a) Where X CU, for any x CU we can deduce that 
LyX S yx. Thus Ix, AX] <x, ozithen Cx, OZ, X4 VX 


We get the proof of Properties (b) and (c) of Proposition 
4.3, directly from property (a) of Proposition 4.3 and 
properties (d) and (e) of Proposition 3.2. 


Traditional rough properties VNS rough properties 


E(X UZ) = EX VEZ SX UZ) DS XUS*Z 
E(XOYV)=E(X)OE(Y) S.(X AZ) CS,X OS,Z 
E (EC(X)) = E(X) SS°X oS*X 

E (E(X)) = E(X) S*S,X DS,X 


E (X°) =[E(x)I° SX? SiS xi 


Table 2: Comparison between traditional, VNS rough 


Proposition 4.4 Let (G,A) be a VNS on U and let XCU, 
then the following properties hold 


(a) Hs, xX S Myx 
(b) My XS Moy X 
(c) Hs xX S Mey X 


Proof can be obtained directly from Propositions 3.2 and 
property (a) of Proposition 4.3. 


Definition 4.4 Let (G,A) be a VNS set on U, and let xeU, 
X CU.NR-membership relations, denoted by €, ande” 
are defined as follows 

xe, Xif xeS,X and xe" X if xeS*X 


Proposition 4.5 Let (G,A) be a VNS set on U, and let xe 
U, X CU. Then 


(a)xe, X >xeEX 


(b) x@° X>xEX 

Proof 

(a) Let xe, X, hence by using Definition 4.4, we get 
xeES,X. 
But from Proposition 3.2, we have §,X c X, then 
xex. 

(b) Let x € X , according to Proposition 3.2, we have 
X cS*X, then x e S*X , by using Definition 4.4, 
we can deduce that xe" X . 
Consequently x¢° X >x¢X. 


The following example illustrates that the converse of 
Proposition 4.5 doesn’t hold. 

Example 4.3 From Example 3.1, if x = {h,,h,}, then 
S,X = {h,JandS"X = {h,,h,,h,,hs}. Hence, h, ¢, X 
although h, eX and hex, although h,€ X. 


Proposition 4.6 Let (G,A) be a VNS on U and let X¥ CU. 
Then the following properties hold 
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(a) xe, X Suyx=l 
(6) wyx=lo>xe X 


Proof can be obtained directly from Definition 4.4 and 
Propositions 4.2 and 4.5. 


The following example illustrates that the converse of 
property (a) does not hold. 

Example 4.4 From Example 3.1, if X ={h,,h,} then 
S,X ={h} and ki =thd « it follows that Myh, =1 - 
Although h, ¢, X 


The following example illustrates that the converse of 
property (b) does not hold. 

Example 4.5 From Example 3.1, if X ={h,}, then 
S°X ={h,,h} and hy, ={hy shy} » it follows that he XxX, 
although wh, #1 


Proposition 4.7 Let (G,A) be a VNS on U and let 
X CU. Then 


(a) wyx=O>xEX 
(b) uwy,x=O>x¢, X 


Proof is straightforward and therefore is omitted. 


The following example illustrates that the converse of 
property (a), does not hold. 

Example 4.6 From Example 3.1, if x ={h,,h,, h,}and from 
Example 3.2, we get hy, ={h, hy}, then Myh, #0, although 
h,éX 


The following example illustrates that the converse of 
property (b), does not hold. 

Example 4.7 From Example 3.1, if x ={h,,hy,hs}> then 
5,X ={h,,hy he} > from Example 3.2, we get his, = thi hy}. it 
follows that yh, #0, although h, ¢, X 


Proposition 4.8 Let (G,A) be a VNS on U and let XCU. 
The following property does not hold 


Myx=0>xE' X 


The following example proves Proposition 4.8. 

Example 4.8 From Example 3.1, if X ={h,} then S°X 
={h,h,}. from Example 3.2, we get h,, ={h}> it follows that 
he X, although Lyh, =0 


Definition 4.5 Let (G,A) be a VNS on U and let X¥,Z 
U. NR-inclusion relations, denoted by <, and <” which 
are defined as follows 

Xc, ZIf S,XcS,Z 


XG Zi SX¥esz 


Proposition 4.9 Let (G,A) be a VNS on U and let X ,Z 
CU. Then 
KECLSXEZLARS Z 


Proof comes directly From Proposition 3.2. 


The following example illustrates that, the converse of 
Proposition 4.9 doesn’t hold. 

Example 4.9 In Example 3.1, if X ={h,,h,} and Z={h,h,, 
hs}, then $,X ={hy}, S.Z={h hy hy} » S°X={h,,h} and 
S*Z={h,hy,hy,hg} - Hence, Xc,Z and XC : 
Although X ¢Z 


From Definition 4.5 and Proposition 4.3, the following 
remarks can be deduced 

Remark 4.2 Let (G,A) be a VNS on U and let X,Z CU. 
If X¥ c, Z, then the following properties hold 


(a) Ms xX S Ms 7X 
(b) ps yx S Myx 


(c) Hs. xX S My X 


Remark 4.3 Let (G,A) be a VNS on U andlet ¥,ZcU. 
If X <" Z, then the following properties hold 


(a) Mor XS MyeyX 
(b) by X S My. X 


(c) Hs xX S fy. X 


Definition 4.6 Let (G,A) be a VNS on U and let X¥,Z 
U. NR-equality relations are defined as follows 


X=,ZIf S,X =S,Z 
LS TIP OS XS SZ 
Ifx=Z X=,ZAX=Z 


The following example illustrates Definition 4.6. 

Example 4.10 According to Example 3.1. Let A= {e,}, 
then 5 = {Ub {hy}, ths bots My both, Ms} {las My, Ay }} i If X,={h}, 
X,={h,},X, ={h,h)},X, =(h,h,} and X,={h,,h,}> then SX, 
=§,X,=9+ 9°X, =5°X, ={h,,h,}.. SX, =S,X, =gand SX, = 
S°X,=U- Consequently X, =, X,, x,= X,and X,=. X, 





Proposition 4.10 Let (G,A) be a VNS set on U and let 
X,Z CU. Then 


(a) X =, S,X 

(b) X =" S*X 

() X=Z>X="Z 

dd) X CZ,Z=,6>X =, ¢ 
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(e) X CZ,X =,U>Z=U 
(f) XoZ,Z=—¢>X=¢ 
(@) XcZ,X=U>Z=U 








Proof. From Definition 4.6 and Propositions 3.2 and 3.3 
we get the proof, directly. 


From Definition 4.6 and Proposition 4.3, the following 
remarks can be deduced 


Remark 4.4 Let (G,A) be a VNS on U and let X,Z CU. 
If X =, Z, then the following properties hold 


(a) Ms.xX = Hs 2X 
(b) Ms xX S Myx 
(c) Hs xX S My. X 


Remark 4.5 Let (G,A) be a VNS on U and let X¥,ZcU. 
If X =" Z, then the following properties hold 


(@) we XS My X 
(b) My XS My. X 
(c) Hs. xX S My. X 


The following remark is introduced to show that Pawlak’s 
approach to rough sets can be viewed as a special case of 
proposed model. 


Remark 4.6 Let (G,A) be a VNS on U and let X¥,Z CU. 


If we consider the following case 
(If 7.(4,)205, then e(h) =1, otherwise e(h) =0) 


and the neutrosophic right neighborhood of an element h is 
replaced by the following equivalence class 


[h], ={h, €U :e(h,) =e(h),e € A}. 


Then VNS-lower and VNS-upper approximations will be 
traditional Pawlak’s approximations. It follows that NR- 
concepts will be Pawlak’s concepts. Therefor Pawlak’s 
approach to rough sets can be viewed as a special case of 
suggested single valued neutrosophic soft approach to 
rough sets. 


5 Adecision making problem 


In this section, suggested single valued neutrosophic 
soft rough model is applied in a decision making problem. 
We consider the problem to select the most suitable car 
which a person X is going to choose from ncars (h,,h,...., 
h,) by using m parameters (€,,€,5.,€,): 

Since these data are not crisp but neutrosophic, the 
selection is not straightforward. Hence our problem in this 
section is to select the most suitable car with the choice 


parameters of the person X. To solve this problem, we need 
the following definitions 


Definition 5.1 Let (G,A) be a VNS set on U = {h,, h,...., 
h,} as the objects and 4= {e,,€,,..e,} is the set of 
parameters. The value matrix is a matrix whose rows are 
labeled by the objects, its columns are labeled by the 
parameters and the entries C, are calculated by 


C, =(7,(h) +1, (a) -F,(h,)), LS tsnts js<m 


Definition 5.2 Let (G,A) be a VNS set on U ={h, /,...., 
h,,}, where A= {e,,e,,..,¢,}- The score of an object /; is 
defined as follows 

S(h;) = aa Ci 
Remark 5.1 Let (G, A) be a VNS set on U and 
A= {e,,e,, then is the set of parameters. ._, e,} 


(a) -1<C, <2, l<i<nl<j<m 
(b) —m<S(h,)<2m, h, €U 


The real meaning of C_A is the degree of crispness of A. 
Hence, if C,A=1, then A is NR-definable set. It means 
that the collected data are sufficient to determine the set A . 
Also, from the meaning of the neutrosophic right 
neighborhood, we can deduce the most suitable choice by 
using the following algorithm. 


Algorithm 
1. Input VNS set (G,A) 


2. Compute the accuracy measures of all singleton sets 

3. Consider the objects of NR-definable singleton sets 

4. Compute the value matrix of the considered objects 

5. Compute the score of all considered objects in a tabular 
form 

6. Find the maximum score of the considered objects 


7. If there are more than one object has the maximum 
scare, then any object of them could be the suitable 
choice 


8. If there is no NR-definable singleton set, then we 
consider the objects of all NR-definable sets consisting 
two elements and then repeat steps (4-7), else, consider 
the objects of all NR-definable sets consisting three 
elements and then repeat steps (4-7),and so on... 


For illustration the previous technique, the following 
example is introduced. 

Example 5.1 According to Example 3.1, we can create 
Tables 3, as follows 
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Singleton sets () {,} (} (A) Ws) 
CX 1 0 0 0 1 
Table 3: Accuracy measures of all singleton sets. 


Hence C.{h,} = C, {hg} =1.- It follows that h, and h, are the 
NR-definable singleton sets. Consequently /, and h, are 
concidered objects. Therefore Table 4 can be created as 
follows 


Object e e> ey ey 
h, (.6,.6,.2)  (.8,.4,.3) (7,.4,.3)  (.8,.6,.4) 
h (.8,.2,.3) (.8,.3,.2) ¢7,.3,.4) — ©9,.5,.7) 


ne 
Table 4: Tabular representation of considered objects. 


The value matrix of considered objects can be viewed as 
Table 5. 


Object e e, e, e4 
h, 1 0.9 0.8 1 
h 0.7 0.9 0.6 0.7 


a 
Table 5: Value matrix of considered objects. 


Finally, the scores of considered objects are concluded in 
Table 6, as follows 


Object Score of the object 
h, 3.7 
hs 2.9 


Table 6: The scores of considered objects. 


Clearly, the maximum score is 3.7, which is scored by the 
car h,. Hence, our decision in this case study is that a car 
h, is the most suitable car for a person X , under his choice 
parameters. Also, the second suitable car for him is a car 
h,. 

Obviously, the selection is dependent on the choice 
parameters of the buyer. Consequently, the most suitable 
car for a person X need not be suitable car for another 
person Y. 


Conclusion 


This paper introduces the notion of single valued 
neutrosophic soft rough set approximations by using a new 
neighborhood named neutrosophic right neighborhood. 
Suggested model is more realistic than the other traditional 
models, as each proposition is estimated to have three 
components: the percentage of truth, the percentage of 
indeterminacy and the percentage of falsity. Several 
properties of single valued neutrosophic soft rough sets 
have been defined and propositions and _ illustrative 
examples have been presented. It has been shown that 
Pawlak’s approach to rough sets can be viewed as a special 
case of single valued neutrosophic soft approach to rough 


sets. Finally, proposed model is applied in a decision 
making problem, supported with algorithm. 
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Abstract: The main objective of this study is to introduce a new hybrid intelligent 
structure called Neutrosophic nano topology. Fuzzy nano topology and intuitionistic 
nano topology can also be deduced from the neutrosophic nano topology. Based on the 
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1 INTRODUCTION 


Nano topology explored by Thivagar et.al can be described as a collection of nano 
approximations, a non-empty finite universe and empty set for which equivalence classes 
are buliding blocks. It is named as nano topology because whatever may be the size of the 
universe it has at most five open sets. After this, there has been many models built upon 
different aspect, i.e, universe, relations, object and operators. One of the interesting 
generalizations of the theories of fuzzy sets and intuitionistic fuzzy sets is the theory 
of neutrosophic sets introduced by F.Smarandache. Neutrosophic set is described by 
three functions : a membership function, indeterminacy function and a nonmembership 
function that are independently related. The theories of neutrosophic set have achieved 
greater success in various areas such as medical diagnosis, database, topology, image 
processing and decision making problem. While the neutrosophic set is a powerful tool 
to deal with indeterminate and inconsistent data, the theory of rough set is a powerful 
mathematical tool to deal with incompleteness. Neutrosophic sets and rough sets are two 
different topics, none conflicts the other. The main objective of this study is to introduce 
a new hybrid intelligent structure called neutrosophic nano topology. The significance of 
introducing hybrid structures is that the computational techniques, based on any one of 
these structures alone, will not always yield the best results but a fusion of two or more 
of them can often give better results. The rest of this paper is organized as follows. Some 
preliminary concepts required in our work are briefly recalled in section 2. In section 3 , 
the concept of neutrosophic nano topology is investigated. Section 4 concludes the paper 
with some properties on neutrosophic nano interior and neutrosophic nano closure. 
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2 Preliminaries 


The following recalls requisite ideas and preliminaries necessitated in the sequel of our 
work. 


Definition 2.1 /8/: Let U be a non-empty finite set of objects called the universe and 
R be an equivalence relation on U% named as the indiscernibility relation. Elements 
belonging to the same equivalence class are said to be indiscernible with one another. 
The pair (U/, R) is said to be the approximation space. Let X CU. 


(i) The lower approximation of X with respect to R is the set of all objects, which 
can be for certain classified as X with respect to R and it is denoted by Lr(X). 
That is, Dr(X) = U {R(ax) : R(x) C X}, where R(x) denotes the equivalence 

xeu 


class determined by x. 


(ii) The upper approximation of X with respect to R is the set of all objects, which 
can be possibly classified as X with respect to R and it is denoted by Up(X). That 
is, UrR(X) = U{R(z): R(x) OX F 9}. 
xeUu 


(iii) The boundary region of X with respect to R is the set of all objects, which can be 
classified neither as X nor as not-X with respect to R and it is denoted by Br(X). 
That is, Be(X) = Up(X) — Dr(X). 


Remark 2.2 /8/: If (U, R) is an approximation space and X, Y CU, then the following 
statements hold: 


(i) Lr(X) CX CUR(X). 


r(¢) = Ur(¢) = 6 and LRU) = URW) =U. 














(ili) Ur(X UY) = UR(X) UUR(Y). 
(iv) Ur(X NY) C Ur(X)NUR(Y) 
(v) Dr(X UY) D Lr(X)ULR(Y). 
(vi) LrR(X NY) = LrR(X)OLR(Y) 


( 
( 
( 
( 
( 
( 
(X 


LR 
Ur(X°) = [Lr(X)]© and Lr(X°) = [Ur(X)I°. 
URUR(X) = LeUr(X) = UR(X). 
(x) LrLr(X) = URL R(X) = ERX). 


(vii ) C Lr(Y) and Ur(X) C UR(Y), whenever X CY. 
(viii 
(ix 


) 
ii) L 
) 
) 
) 
) 
) 
) 
) 
) 


Definition 2.3 /8/: Let U be an universe, R be an equivalence relation on YU and 
TR(X) = {U,¢, Lr(X),UR(X), Br(X)} where X C U. TR(X) satisfies the following 


axioms: 
(i) U and $ € TR(X). 
(ii) The union of the elements of any sub-collection of Tp(X) is in TR(X). 


(iii) The intersection of the elements of any finite sub-collection of TR(X) is in TR(X). 
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That is, Tg(X) forms a topology on U called the nano topology on YU with respect to 
X. We call (U,TR(X)) as the nano topological space. The elements of Tp(X) are called 
nano-open sets. 


Proposition 2.4 /8/: Let U be a non-empty finite universe and X C UW. Then the 
following statements hold: 


(i) If Dr(X) = ¢ and UR(X) = U, then trR(X) = {U,¢}, is the indiscrete nano 
topology on U. 


(ii) If Lp(X) =Up(X) = X, then the nano topology, ta(X) = {U, ¢, Lr(X)}. 

(iii) If Lp(X) = ¢ and Ug(X) ZU, then Tp(X) = {U, d,UR(X)}. 
(iv) If Lp(X) 4 ¢ and Up(X) =U, then rp(X) = {U, ¢, La(X), Br(X)}. 
) (X) 
)= 


(v) If Lr(X) 4 Ur(X) where Lr(X) 4 ¢ and UR(X) #U, then 
TR(X 


Definition 2.5 /3/: Let X be a non empty set. A fuzzy set A is an object having 
the form A = {< x: pa(x),x © X}, where 0 < pa(x) < 1 represent the degree of 
membership of each x € X to the set A. 


= {U, ¢, Lr(X), Ur(X), Br(X)} is the discrete nano topology on U. 


Definition 2.6 /2/: Let X be a non empty set. An intuitionstic set A is of the form 

A = {< a: pa(x),va(x),2 € X}, where w(x) and v4(x) represent the degree of 
membership function and the degree of non membership respectively of each x € X to 
the set A and 0 < wa(x) + v4(x) < 1 for alla ec X. 


Definition 2.7 /6/: Let X be an universe of discourse with a generic element in X 
denoted by x, the neutrosophic set is an object having the form 

A = {< @: wa(x),o,4(2),v4(x) >,2 € X}, where the functions u,o,v : X — [0,1] 
define respectively the degree of membership or truth , the degree of indeterminancy, 
and the degree of non-membership (or Falsehood) of the element « € X to the set A 
with the condition. —0 < wa(x) + 0,4(@) + va4(x) < 3. 


3 Neutrosophic Nano Topological Space 


In this section we introduce the notion of neutrosophic nano topology by means of nano 
neutrosophic nano approximations namely neutrosophic nano lower, neutrosophic nano 
upper and neutrosophic nano boundary. From Neutrosophic nano topology we have also 
defined and deduced intuitionistic nano topology and fuzzy nano topology. 


Definition 3.1 : Let U be a non-empty set and R. be an equivalence relation on U. 
Let F be a neutrosophic set in U with the membership function up, the indetermi- 
nancy function of and the non-membership function vy. The neutrosophic nano lower, 
neutrosophic nano upper approximation and neutrosophic nano boundary of F in the 
approximation (U, R) denoted by N(F), N(F)and BN(F) are respectively defined as 
follows: 


(i) N(F) = {< 2, uRa)(®), OR(A) (2), YR(ay(2) > /y € [z]R,0 € UY}. 


(ii) N(F) ={< ©, MR 4) (©), OR 4) (@), VRLay(Z) > /y € [z]r, 2 EU}. 
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where pR(4)(®) = Nyefaly HACY)s TRA) = Nyefein TAY) YR(A)(Z) = Vyefa]n YAY): 


LRay (2) = Vyelxln LA(Y), TR(A) (x) = Vues oA(y), YR(A) (xz) = Wuetats VaA(y). 


Definition 3.2 : Let U be an universe, R be an equivalence relation on U and F bea 
neutrosophic set in U/ and if the collection ty(F) = {0y,1y,N(F), N(F), BN(F)} forms 
a topology then it is said to be a neutrosophic nano topology. We call (U,Ty(F’)) as 
the neutrosophic nano topological space. The elements of ty (F’) are called neutrosophic 


nano open sets. 


Remark 3.3 : From Neutrosophic nano topology we can deduce and define the 
fuzzy nano topology and intuitionistic nano topology. Fuzzy nano topology is 
obtained by considering the membership values alone whereas in case of intuitionistic 
nano topology both membership and non member ship values are considered. 


Definition 3.4 : Let U/ be a non-empty set and R be an equivalence relation on U. 
Let F be an intuitionistic set in U with the membership function pr and the non- 
membership function vp. The intuitionistic nano lower, intuitionistic nano upper ap- 
proximation and intuitionistic nano boundary of F in the approximation (U, R) denoted 
by I(F),1(F)and B;(F) are respectively defined as follows: 


(i) LP) = {< 2, wra)(2), YRcay (x) > /y € [a] rx, 2 € UY}. 
(ii) IF) = {< 2%, waRay(2), YRay(@) > /y € [2]n, 2 € U}. 
(iii) Br(F)= IF) — IF). 

where fz,(A)(2) = Ayetryp HAY)» YR_(A)(Z) = Vyeqayy YAY): 


LRA) (2) = Viens LAY), VR 2A) (2) = rare VaA(y)- 


Definition 3.5 : Let U be an universe, R be an equivalence relation on U and F be an 
intuitionistic set in U and if the collection 7;(F) = {0Ov,1n,l(F),1(F), Br(F)} forms 
a topology then it is said to be a intuitionistic nano topology. We call (U,77(F')) as 
the intuitionistic nano topological space. The elements of 7;(F’) are called intuitionistic 


nano open sets. 


Definition 3.6 : Let U/ be a non-empty set and R be an equivalence relation on U/. Let 
F be a fuzzy set in U with the membership function ur. Then the fuzzy nano lower, 
fuzzy nano upper approximation of F and fuzzy nano boundary of F in the approximation 


(U, R) denoted by F(F), F(F)and Br(F) are respectively defined as follows: 
(Gi) FP) ={< &, wray(x) > /y € [z]z, 2 € UY}. 
(ii) FP) = {< 2, wR ay(2) > /y € [a]z, 2 € U}. 
(iii) Br(F)= F(F) - E(F). 
where fup(4)(®) = Ayefal, HAY) MRA) (2) = Vyetatp HAY) 


Definition 3.7 : Let U be an universe, R be an equivalence relation on U and F be 
a fuzzy set in U and if the collection tr(F) = {0v,1y,F(F),F(F), Br(F)} forms a 
topology then it is said to be a fuzzy nano topology. We call (U,tF(F')) as the fuzzy 


nano topological space. The elements of T¢(F’) are called fuzzy nano open sets. 
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Remark 3.8 : Thus from the above definitions of intuitionistic and fuzzy nano topolo- 
gies we can assure that throughout this paper all the properties and examples also holds 
good when it is possible for neutrosophic nano topology. 


Remark 3.9 : Since our main purpose is to construct tools for developing neutrosophic 
nano topological spaces, we must introduce Oy , 1y and certain neutrosophic set oper- 
ations in X as follows: 


Definition 3.10 : Let U/ be a nonempty set and the neutrosophic sets A and B in the 
form A = {< 2: wa(z),04(2), vale) >, 2 CU}, B= {< 2: wp(c),on(2),vB(z) >, rE 
Uu}. Then the following statements hold: 


(i 
(ii) A C B iff wa(x) < wa(x),o4(2) < op(x),v4(x) > vp(x)for all x EU}. 


) On = {< 2,0,0,1 >: 2 €U} and ly = {<2,1,1,0>: 2 €U}. 
) 
(iii) A = Biff AC Band BC A. 
) 
) 
) 


(iv) AS ={< 2,v4(x),1—o,(2x), wa(x) >: 2 CU}. 


(v) AN B= {a, wa(x) A wp(2),c4(@) Aop(2), va(x) V vp(x)for all « EU}. 
(vi) AUB = {a, wa(x) V uwp(@), c4(2) V op(x), va(x) Avp(ax)for all x EU}. 


Theorem 3.11 /8/: Let U/ be a non-empty finite universe and X CU. Let TR(X) be 
the nano topology on U with respect to X. Then [tp(X)|©, whose elements are A© for 
A €TR(X), is a topology on U. 


Remark 3.12 : [ry(F)|© is called the dual neutrosophic nano topology of ty (F). 
Elements of [ry(F)|© are called neutrosophic nano closed sets. Thus, we note that a 
neutrosophic set N(G) of Y/ is neutrosophic nano closed in Ty (F’) if and only if /— N(G) 
is neutrosophic nano open in Ty(L’). 


Example 3.13 : Let U = {pj,p2,p3} be the universe of discourse. Let U/R = 
{{pi,p2},{p3}} be an equivalence relation on U and A= {< py, (0.7,0.6,0.5) >, < 

pa, (0.3, 0.4, 0.5) >, < p3, (0.1, 0.5, 0.1) >} be a neutrosophic set on U then N(A) = {< 

pi, (0.3, 0.4, 0.5) >, < pa, (0.3, 0.4,0.5) >, < ps, (0.1, 0.5, 0.1) >}, N(A) = {< m1, (0.7, 0.6, 0.5) > 
,< po, (0.7, 0.6, 0.5) >, < p3, (0.1, 0.5, 0.1) >}, B(A) = {< pi, (0.5, 0.6, 0.5) >, < po, (0.5, 0.6, 0.5) > 
,< p3, (0.1, 0.5,0.1) >}. Then the collection Ty(A) = {0n, lw, {< pi, (0.3, 0.4, 0.5) > 

< po, (0.3, 0.4, 0.5) >, < p3, (0.1,0.5,0.1) >}, {< pi, (0.7, 0.6, 0.5) >, < po, (0.7, 0.6, 0.5) > 

,< p3, (0.1, 0.5,0.1) >}, {< pr, (0.5, 0.6, 0.5) >, < po, (0.5, 0.6, 0.5) >, < ps, (0.1, 0.5, 0.1) > 

}} is a neutrosophic nano topology on U and [ry(A)]© is also a neutrosophic nano topol- 

ogy on U. Thus 7z(A) = {0n, ln, {< pi, (0.3, 0.5) >, < po, (0.3,0.5) >, < p3, (0.1, 0.1) > 

\ {< py, (0.7,0.5) >, < po, (0.7,0.5) >, < p3, (0.1,0.1) >}, {< py, (0.5,0.5) >, < po, (0.5,0.5) > 
,< p3,(0.1,0.1) >}} and rz(A) = {0n,1n,{< pi, (0.3) >, < po, (0.3) >, < p3,(0.1) > 

\ {< pi, (0.7) >, < pa, (0.7) >, < pz, (0.1) >}, {< pi, (0.5) >, < pa, (0.5) >, < ps3, (0.1) > 

\} are the intuitionistic nano topology and fuzzy nano topology. 


Remark 3.14 : In neutrosophic nano topological space, the neutrosophic nano bound- 
ary cannot be empty. Since the difference between neutrosophic nano upper and neu- 
trosophic nano lower approximations is defined here as the maximum and minimum of 
the values in the neutrosophic sets. 
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Proposition 3.15 : Let U/ be a non-empty finite universe and F be a neutrosophic set 
on U. Then the following statements hold: 


(i) The collection Ty (F') = {0n, 1y}, is the indiscrete neutrosophic nano topology on 
U. 


(ii) If N(F) = N(F) = N(F), then the neutrosophic nano topology, 
tn(F) = {0n, 1n, N(F), BN(F)}. 


(iii) If N(F) = BN(F), then ty(F) = {0y,1n,N(F), N(F)} is a neutrosophic nano 
topology 


(iv) If N(F) = BN(F) then ty(F) = {0y, 1y, N(F), BN(P)}. 


(v) The collection ty(F’) = {0n,1n,N(F),N(F), BN(F)} is the discrete neutro- 
sophic nano topology on U. 


4 Neutrosophic nano closure and interior 


In this section we have defined neutrosophic nano closure and neutrosophic nano interior 
on neutrosophic nano topological space. Based on this we also prove some properties. 


Definition 4.1 : If (U,7y(F)) is a neutrosophic nano topological space with respect to 
neutrosophic subset of U/ and if A be any neutrosophic subset of U, then the neutrosophic 
nano interior of A is defined as the union of all neutrosophic nano open subsets of A 
and it is denoted by Nrint(A). That is, Nrint(A) is the largest neutrosophic nano 
open subset of A. The neutrosophic nano closure of A is defined as the intersection of 
all neutrosophic nano closed sets containing A and it is denoted by Nrcl(A). That is, 
Nrcl(A) is the smallest neutrosophic nano closed set containing A. 


Remark 4.2 : Let (U,ty(F')) be a neutrosophic nano topological space with respect 
to F where F is a neutrosophic subset of /. The neutrosophic nano closed sets in U are 
Only, (N(F))°, (N(F))° and (By(F))°. 


Theorem 4.3 /8/: Let (U,7R(X)) be a nano topological space with respect to X CU 
then Ncl(X) =U. 


Remark 4.4 : The above theorem need not be true for all neutrosophic nano topolog- 
ical space (U, Tv (F')) with respect to F where F is a neutrosophic subset of U. That is 
Nrcl(A) need not be equal to U which can be shown by the following example. 


Example 4.5 : Let U = {p1,p2,p3, pa, ps} be the universe of discourse. Let U/R = 

{{pi, pa}, {p2, p3}, {ps}} be an equivalence relation on U and A = {< pj, (0.2,0.3,0.4) > 

,< pa, (0.2, 0.3, 0.4) >, < ps, (0.4, 0.6, 0.2) >} be a neutrosophic set on U. Then N(A) = 

{< py, (0.2, 0.3, 0.4) >, < pa, (0.2, 0.3, 0.4) >, < ps, (0.4, 0.6, 0.2) >}, N(A) = {< pr, (0.2, 0.3, 0.4) > 
,< pa, (0.2, 0.3, 0.4) >, < ps, (0.4, 0.6, 0.2) >} B(A) = {< py, (0.2, 0.3, 0.4) >, < pa, (0.2, 0.3, 0.4) > 
,< ps, (0.2,0.4,0.4) >}. Now we have ty(A) = {0n,1n,{< pi, (0.2,0.3,0.4) >,< 

pa, (0.2, 0.3, 0.4) >, < ps, (0.4, 0.6, 0.2) >}, {< pr, (0.2,0.3,0.4) >, < pa, (0.2,0.3,0.4) > 

,< ps5, (0.2,0.4,0.4) >}} which is a neutrosophic nano topology on U. |[tN(A)|© = 

{0n, ln, {< pi, (0.2, 0.3, 0.4) >, < pa, (0.2, 0.3, 0.4) >, < ps, (0.4, 0.6, 0.2) >}, {< pi, (0.2, 0.3, 0.4) > 
,< pa, (0.2, 0.3, 0.4) >, < ps, (0.2, 0.4, 0.4) >}. Here N¢cl(A) £U 


M. Lellis Thivagar, Saeid Jafari, V. Sutha Devi, V. Antonysamy. A novel approach to nano topology via neutrosophic sets 


Neutrosophic Sets and Systems, Vol. 20, 2018 





Theorem 4.6 : Let (U,7y(F)) be a neutrosophic nano topological space with respect 
to F where F is a neutrosophic subset of /. Let A and B be neutrosophic subsets of U. 
Then the following statements hold: 


(i) A C Necl(A). 
(ii) A is nano closed if and only if Nrcl(A) = A. 
(iii) Nzcl(On) = On and Necl(1n) = In. 
(iv) AC B= Neel(A) C Necl(B). 

(v) N¢el(AU B) = Neel(A) U Neel(B). 

(vi) Ne¢cl(AN B) C Neel(A)M Neel(B). 
(vii) Neel(Np¢cel(A)) = Necl(A). 
Proof: 

(i) By definition of neutrosophic nano closure, A C N¢cl(A). 

(ii) If A is neutrosophic nano closed, then A is the smallest neutrosophic nano closed 

set containing itself and hence Nrcl(A) = A. Conversely, if Nrcl(A) = A, then 


A is the smallest neutrosophic nano closed set containing itself and hence A is 
neutrosophic nano closed. 


(iii) Since Oy and 1y are neutrosophic nano closed in (U, Tv (F’)), N¢cl(On) = On and 
Neel(1n) = 1n. 


(iv) If A C B, since B C Neel(B), then A C Ne¢el(B). That is, Nrcl(B) is a Neu- 
trosophic nano closed set containing A. But Nrcl(A) is the smallest Neutrosophic 
nano closed set containing A. Therefore, Nrcl(A) C Nrcl(B). 


(v) Since A C AUB and B C AUB, Nrcdl(A) C Necl(AU B) and Nrel(B) C 
Nycl(AU B). Therefore, Nrcl(A) U Nrcl(B) C Nercl(AU B). By the fact that 
AUB C Ne¢cl(A) U Neel(B), and since Nrcl(A U B) is the smallest nano closed 
set containing AU B, soN¢cl(AUB) C Necl(A)UNe¢el(B). Thus, N¢cl(AUB) = 
Nrel(A) U Neel(B). 


(vi) Since AN BC Aand ANBC B,Nrcl(AN B) C Necl(A) 1 Necl(B). 
(vii) Since N¢cl(A) is nano closed, N¢cl(Nrcel(A)) = Necl(A). 


Theorem 4.7 : (U,ty(F’)) be a neutrosophic nano topological space with respect to 
F where F is a neutrosophic subset of U%. Let A be a neutrosophic subset of U/. Then 


(i) ly — N¢Int(A) = Ne¢cl(1y — A). 
(ii) ly — N¢el(A) = NeInt(1y — A). 


Remark 4.8 : Taking complements on either side of(i) and (ii) Theorem 4.8, we get 
(N¢Int(A)) =1y — N¢cl(1y — A)) and (Ne¢el(A)) = 1y — (N¢Int(1y — A)). 


Example 4.9 : LetU = {a,b,c} andU/R = {{a, b}, {c}}. Let F = {< a, (0.4, 0.5, 0.5) > 

,< 6, (0.4, 0.5, 0.5) >, < , (0.5, 0.5, 0.5) >} be a neutrosophic set on U then the Ty(A) = 

{On, 1n,{< a, (0.4,0.5,0.5) >, < b,(0.4,0.5,0.5) >,< c, (0.5,0.5,0.5) >}} is a neutro- 
sophic nano topology on UW. [Tv (A)|° = {On, lw, {< a, (0.5, 0.5, 0.4) >, < b, (0.5, 0.5, 0.4) > 
,<c, (0.5,0.5,0.5) >}}. If A = {< a, (0.7, 0.6,0.5) >, < b, (0.3, 0.4, 0.5) >, < ¢, (0.7, 0.5, 0.5) > 
}, then (N¢Int(A))° =I1yn Nrel(1y — A) =1y. That is, ly — NyInt(A) = Necl(1y — 

A) Also, ly — N¢cl(A) = N¢Int(1y — A) = 0n 
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Theorem 4.10 : Let (U,7y(F)) be a neutrosophic nano topological space with respect 
to F where F is a neutrosophic subset of /. Let A and B be neutrosophic subsets of U/, 
then the following statements hold: 


(i) A is neutrosophic nano open if and only if N¢Int(A) = A. 
(iii NeInt(0n) = Oy and NeInt(1n) =I1y. 


) 
) 
(iv) AC B= NeInt(A) C Nr Int(B). 
(v) N¢Int(A) U N¢Int(B) C NrInt(AU B). 
(vi) N¢Int(AN B) = N¢Int(A)N N¢Int(B). 
(vii) N¢Int(N¢Int(A)) = N¢Int(A). 
Proof: 


(i) A is neutrosophic nano open if and only if 1, — A is neutrosophic nano closed, if 
and only if N¢cl(1y — A) = 1y — A, if and only if 1y — N¢cl(1y — A) = A if and 
only if N¢Int(A) = A, by Remark 4.8. 


(ii) Since 0, and 1y are neutrosophic nano open, N¢Int(On) = Ow and Ne¢Int(1y) = 
ly. 


(iii) AC B>1y—BC1y—A. Therefore, Nrcl(1y — B) C Necl(1n — A). That is, 
ly — Necl(1y — A) C ly — Necl(1y — B). That is, N¢IntA C NeIntB. 


Proof of (iv), (v) and (vi) follow similarly from Theorem 4.7 and Remark 4.8. 
Conclusion: Neutrosophic set is a general formal framework, which generalizes the 
concept of classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, and 
interval intuitionistic fuzzy set. Since the world is full of indeterminacy, the neutro- 
sophic nano topology found its place into contemporary research world. This paper can 
be further developed into several possible such as Geographical Information Systems 
(GIS) field including remote sensing, object reconstruction from airborne laser scanner, 
real time tracking, routing applications and modeling cognitive agents. In GIS there is 
a need to model spatial regions with indeterminate boundary and under indeterminacy. 
Hence this neutrosophic nano topological spaces can also be extended to a neutrosophic 
spatial region. 
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Abstract. Neutrosophic cubic set consists of interval 
neutrosophic set and single valued neutrosophic set 
simultaneously. Due to its unique structure, neutrosophic 
cubic set can express hybrid information consisting of 
single valued neutrosophic information and _ interval 
neutrosophic information simultaneously. VIKOR 
(VIsekriterijumska optimizacija i KOmpromisno 
Resenje) strategy is an important decision making 
strategy which selects the optimal alternative by utilizing 
maximum group utility and minimum of an individual 
regret. In this paper, we propose VIKOR strategy in 
neutrosophic cubic set environment, namely NC-VIKOR. 
We first define NC-VIKOR strategy in neutrosophic 


Keywords: MAGDM, NCS, NC-VIKOR strategy. 


1. Introduction 

Smarandache [1] introduced neutrosophic set (NS) by 
defining the truth membership function, indeterminacy 
function and _ falsity membership function as 
independent components by extending fuzzy set [2] and 
intuitionistic fuzzy set [3]. Each of three independent 
component of NS belons to [0, 1*]. Wang et al. [4] 
introduced single valued neutrosophic set (SVNS) 
where each of truth, indeterminacy and _ falsity 
membership degree belongs to [0, 1]. Many researchers 
developed and applied the NS and SVNS in various 
areas of research such as conflict resolution [5], cluster- 
ing analysis [6-9], decision making [10-39], educational 
problem [40, 41], image processing [42-45], medical 
diagnosis [46, 47], social problem [48, 49]. Wang et al. 
[50] proposed interval neutrosophic set (INS). Ye [51] 
defined similarity measure of two interval neutrosophic 
sets and applied it to solve multi criteria decision mak- 
ing (MCDM) problem. By combining SVNS and INS 
Jun et al. [52], and Ali et al. [53] proposed neutrosophic 
cubic set (NCS). Thereafter, Zhan et al. [54] presented 


cubic set environment to handle multi-attribute group 
decision making (MAGDM) problems, which means we 
combine the VIKOR with neutrosophic cubic number to 
deal with multi-attribute group decision making problems. 
We have proposed a new strategy for solving MAGDM 
problems. Finally, we solve MAGDM problem using our 
newly proposed NC-VIKOR strategy to show the 
feasibility, applicability and effectiveness of the proposed 
strategy. Further, we present sensitivity analysis to show 
the impact of different values of the decision making 
mechanism coefficient on ranking order of the 
alternatives. 


two weighted average operators on NCSs and applied 
the operators for MADM problem. Banerjee et al. [55] 
introduced the grey relational analysis based MADM 
strategy in NCS environment. Lu and Ye [56] proposed 
three cosine measures between NCSs and presented 
MADM strategy in NCS environment. Pramanik et al. 
[57] defined similarity measure for NCSs and proved its 
basic properties and presented a new multi criteria 
group decision making strategy with linguistic variables 
in NCS environment. Pramanik et al. [58] proposed the 
score and accuracy functions for NCSs and prove their 
basic properties. In the same study, Pramanik et al. [59] 
developed a strategy for ranking of neutrosophic cubic 
numbers (NCNs) based on the score and accuracy func- 
tions. In the same study, Pramanik et al. [58] first de- 
veloped a TODIM (Tomada de decisao interativa e mul- 
ticritévio), called the NC-TODIM and presented new 
NC-TODIM [58] strategy for solving (MAGDM) in 
NCS environment. Shi and Ye [59] introduced Dombi 
aggregation operators of NCSs and applied them for 
MADM problem. Pramanik et al. [60] proposed an ex- 
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tended technique for order preference by similarity to 
ideal solution (TOPSIS) strategy in NCS environment 
for solving MADM problem. Ye [61] present operations 
and aggregation method of neutrosophic cubic numbers 
for MADM. Pramanik et al. [62] presented some opera- 
tions and properties of neutrosophic cubic soft set. 
Opricovic [63] proposed the VIKOR strategy for a 
MAGDM problem with conflicting attributes [64-65]. 
In 2015, Bausys and Zavadskas [66] extended the 
VIKOR strategy to INS environment and applied it to 
solve MCDM problem. Further, Hung et al. [67] 
proposed VIKOR method for interval neutrosophic 
MAGDM. Pouresmaeil et al. [68] proposed an 
MAGDM strategy based on TOPSIS and VIKOR in 
SVNS environment. Liu and Zhang [69] extended 
VIKOR method in neutrosophic hesitant fuzzy set 
environment. Hu et al. [70] proposed interval 
neutrosophic projection based VIKOR method and 
applied it for doctor selection. Selvakumari et al. [70] 
proposed VIKOR Method for decision making problem 
using octagonal neutrosophic soft matrix. 
VIKOR strategy in NCS environment is yet to appear in 
the literature. 
Research gap: 

MAGDM strategy based on NC-VIKOR. This 
study answers the following research questions: 
Is it possible to extend VIKOR strategy in NCS 
environment? 
Is it possible to develop a new MAGDM strategy based 
on the proposed NC-VIKOR method in NCS 
environment? 


Motivation: 

The above-mentioned analysis [64-69] describes 
the motivation behind proposing a novel NC-VIKOR 
method based MAGDM strategy under the NCS envi- 
ronment. This study develops a novel NC-VIKOR - 
based MAGDM strategy that can deal with multiple de- 
cision-makers. 

The objectives of the paper are: 

i. To extend VIKOR strategy in NCS environment. 

ii. To define aggregation operator. 

iii. To develop a new MAGDM strategy based on 

proposed NC-VIKOR in NCS environment. 


To fill the research gap, we propose NC-VIKOR 
strategy, which is capable of dealing with MAGDM 
problem in NCS environment. 

The main contributions of this paper are 
summarized below: 

i. We developed a new NC-VIKOR strategy to deal 
with MAGDM problems in NCS environment. 

ii. We introduce a neutrosophic cubic number aggrega- 
tion operator and prove its basic properties. 


iii. In this paper, we develop a new MAGDM strategy 
based on proposed NC-VIKOR method under NCS en- 
vironment to solve MAGDM problems. 

iv. In this paper, we solve a MAGDM problem based on 
proposed NC-VIKOR method. 


The remainder of this paper is organized as follows: In 
the section 2, we review some basic concepts and 
operations related to NS, SVNS, NCS. In Section 3, we 
develop a novel MAGDM strategy based on NC- 
VIKOR to solve the MADGM problems with NCS 
environment. In Section 4, we solve an illustrative 
numerical example using the proposed NC-VIKOR in 
NCS environment. Then in Section 5, we present the 
sensitivity analysis. The conclusions of the whole paper 
and further direction of research are given in Section 6. 


2. Preliminaries 


Definition 1. Neutrosophic set 


Let X be a space of points (objects) with a generic 
element in X denoted by x, i.e. xeX. A neutrosophic 
set [1] A in X is characterized by truth-membership 


function ta(X) , indeterminacy-membership 
function i, (X) and falsity-membership function f 4 (X), 
where ta(X),ia(X) ,fa(X) are the functions from X 
to ] 0,1°[ ie. tasia,fa: X— ] 0,17 [ that means 
ta (x) , ia(X) , £4 (x) are the real standard or non- 


standard subset of ] 0, 1* [. Neutrosophic set can be 
expressed as A = {<x , ( ta(X) , ia(X) . fa(X) )>: 


VxeX}and Ot, (X)+ia(X) +f, (x) <3". 
Example 1. Suppose that X = { X,,X,,X3,....X, } be the 
universal set of n points. Let A, be any neutrosophic 


set in X. Then A, expressed as A,= {<X,, (0.7, 0.4, 
0.3)>: x, eX}. 


Definition 2. Single valued neutrosophic set 


Let X be a space of points (objects) with a generic 
element in X denoted by x. A_ single valued 
neutrosophic set [4] B in X is expressed as: 


B = {< x: (t,(X).1,(%) . f(x) )>: x © X}, where 
t,(X).1,(x).£,(x) €[0, 1]. 

For each xe X, t,(X),1,(X).f, (x) €[0, 1] and 

O< t,(x) + ip(x) + f(x) <3. 
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Definition 3. Interval neutrosophic set 


An interval neutrosophic set [50] A of anon empty set 
H is expreesed by truth-membership function t, (h) 


the indeterminacy membership function 1,(h) and 


falsity membership function f,(h). For each he H, 


t.(h). ix(h), fx(h) CS [0, 1] and A defined as 
follows: 

A= {< h, £ ty (hb), th) }, (ig), if) ], 
[fz(h) , f;(h) ]:; V h@ H}. Here, tx(h) , ty(h) , 
i; (h) iz (h), fy(n) ,f5(h): H ]~0, 1*[ and 
~ 0 <supt;(h)+supi; (h)+supf 5 (h)< 3°. 

Here, we consider tz(h) , tz(h) , iz(h) , iz (h) , 
f(h) ,f£;(h) : H— [0, 1] for real applications. 


Example 2. 

Assume that H = { hy, ho,h3,.--, hn} be a non-empty set. 
Let A, be any interval neutrosophic set. Then 
A, expressed as A,= {<hi: [0.30, 0.70], [0.20, 0.45], 
[0.18, 0.39]: hE H}. 


Definition 4. Neutrosophic cubic set 


A neutrosophic cubic set [52, 53] in a non-empty set H 
is defined as N = {<h, A(h) , A(h) >: V heH}, where 
A and A are the interval neutrosophic set and 
neutrosophic set in H respectively. Neutrosophic cubic 
set can be presented as an order pair N=<A, A>, then 
we call it as neutrosophic cubic (NC) number. 


Example 3. 


Suppose that H = { hy, hp. h;,..-, hn} be a non-empty set. 
Let N, be any NC-number. Then N, can be expressed 
as N,= {<h,; [0.35, 0.47], [0.20, 0.43], [0.18, 0.42], 
(0.7, 0.3, 0.5)>: hi © H}. 


Some operations of NC-numbers: [52, 53] 


i. Union of any two NC-numbers 

Let N,=<A,,A, >and N,»=<A,,A, >be any two 
NC-numbers in a non-empty set H. Then the union of 
N; and N> denoted by N,UN), is defined as 


follows: 
NUN, = <A,(h) VA, (h), A, (h) VA, (h) VheH >, 


where 


A,(h)UA,(h) = {< h, [max{ th, (h), ti, (h)},.max 
{ ti, (h), th, (x) }], [min {i4, (h), ia, (h)}, min { iz, (h), 
iz, ()}], [min { fi, Ch), £4, (h)}, min { fj, (hy, 
fx, (h)}]>: he H} and A,(h)VA,(h) = {< h, max 
{ ta, (0), ta, (h)}, min { ja, (D), ia, (H)}, min { fa, (h), 


fa, (h)}>: VhEH}. 

Example 4. 

Assume that 

N, = < [0.39, 0.47], [0.17, 0.43], [0.18, 0.36], (0.6, 0.3, 
0.4)> and N> = < [0.56, 0.70], [0.27, 0.42], [0.15, 0.26], 
(0.7, 0.3, 0.6)> be two NC-numbers. Then N;UN> = 
< [0.56, 0.7], [0.17, 0.42], [0.15, 0.26], (0.7, 0.3, 0.4)>. 


ii. Intersection of any two NC-numbers 
Intersection of N,andN, denoted by N, ON) is de- 
fined as follows: 

NAN? = <A,(b) OA, (hb), A, (hb) OA, (h) VheH 
>, where A,(h)VA,(h)= {< h, [min { ti, (h), ti, (h)}, 
min { ti, (h), ty, (h)}], [max { ia, (h), iA, (h)}, max 
{ix, (h), if, (r)}], Lmax { fi, (h), fA, (h)}, max { fj, (h), 
fa (h)}]>: he H} and A,(h)OA,(h) = {< h, min 
(ta, (h), ta, (h)}, max { ia, (h), ig, (h)}, max { fa, (h), 
f 4, (h)}>: VheEH}. 

Example 5. 

Assume that 

N, = < [0.45, 0.57], [0.27, 0.33], [0.18, 0.46], (0.7, 0.3, 
0.5)> and N> = < [0.67, 0.75], [0.22, 0.44], [0.17, 0.21], 
(0.8, 0.4, 0.4)> be two NC numbers. Then N;QN> = 
< (0.45, 0.57], [0.22, 0.33], [0.18, 0.46], (0.7, 0.3, 0.4)>. 


iii. Compliment of a NC-number 

Let Ni=< A, Ay >be a NCS in H. Then compliment 

of N\=<A,,A, >is denoted by No = {< h, A‘ (h), 

Aj (h)>: V heH}. 

Here, A,°= {<h, [tic (h), ty c (hy), lize (h), i; ¢ (hy), 

[f;. (h), fj. (>: Vh EH}, where, t; . (h) = {1} - 
1 A Aj 

ta (h), tC) = {1} - th, (h), ix. (a) = {1} - iA; (hy, 


ize (h) = {1} - ix, (), Fy a) = {1} - fA, @), fie (h) 
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= {1} - fj, (h), and tye (h) = {1} - ta; ), inf (g) = 


{1} - ia; (a), fac Ch) = = {1} - fa, (hd. 


Example 6. 
Assume that N, be any NC-number in H in the form: 


N, = < [.45, .57], [.27, 33], [.18, .46], (.7, .3, .5)>. 


Then compliment of N, is obtained as N= < [0.18, 


0.46], [0.67, 0.73], [0.45, 0.57], (0.5,0.7, 0.7) >. 
iv. Containment 


Let Ni=<A,,A, >= {<h, [tir(h), th) 1, Li, ), 
if, (h) 1 ££5,(0), £3, (h) } (ta, CD) si, (B),£4, (h) ) >: 
h€H} and N>=<A,,A, >= {<h, [ti (h), tic), 


Lia, (h), ig, (h) 1, [£8 (h), £4, (0) 1, 
(t,,(h),i,, (h),f,, (h)) >: hE H} 

be any two NC-numbers in a non-empty set H, 
then, (i) N, c N, if and only if 

ti(h) < ta, (h), tk (h) < Hh), 

ii(h) > ia,(h), if (h) > i&,(h), 

fa,(h) 2 fa,(h), £5 (h) 2 fh, () 

and ae (h)< re (h), 

i,,(h) 2i,,(h), f,,(h)2f,, (h) for all hE H. 


Definition 7. 
Let N\= < [ai, ar, [b,, bo], [c1, C2], (a, b, Cc) >and N> =< 
[d;, do], [e1, ez], (fi, f2], (d, e, f) > be any two NC- 
numbers, then distance [58] between them is defined by 
D (N;, No) = 


1 
gl —d,|+ la, —d, 





+|b, -e,|+ 





b, —e,|+ 
(1) 


le, -f,|+|c, =1, 





+|a d|+|b el+|c f]] 





Definition 2.14: Procedure of normalization 


In general, benefit type attributes and cost type 
attributes can exist simultaneously in MAGDM 
problem. Therefore the decision matrix must be 


normalized. Let a; be a NC-numbers to express the 


rating value of i-th alternative with respect to j-th 
attribute (‘Y ;). When attribute ‘Y ;e C or Vj € G 
(where C and G be the set of cost type attribute and set 
of benefit type attributes respectively) The normalized 
values for cost type attribute and benefit type attribute 
are calculated by using the following expression (2). 


. [ay if ¥, eG 
= (2) 


ay=), F 
—a,if ‘YP; eC 
Where, aj is the performance rating of i th alternative 


for attribute Y, and max a; is the maximum 


performance rating among alternatives for attribute *, : 
VIKOR strategy 
The VIKOR strategy is an MCDM or multi-criteria 


decision analysis strategy to deal with multi-criteria 
optimization problem. This strategy focuses on ranking 
and selecting the best alternatives from a set of feasible 
alternatives in the presence of conflicting criteria for a 
decision problem. The compromise solution [63, 64] 
reflects a feasible solution that is the closest to the ideal, 
and a compromise means an agreement established by 
mutual concessions. The L, -metric is used to develop 
the stategy [65]. The VIKOR strategy is developed 


using the following form of L , —metric 


L, -{3 (2; — : (2; a, IT} 


1<psoo,i=1,2,3,....m. 
In the VIKOR strategy, L,, (as S;) and L.. , 1 (as 


sale 


R; ) are utilized to formulate ranking measure. The 
solution obtained by min S; reflects the maximum group 
utility (‘‘majority” rule), and the solution obtained by 
min R; indicates the minimum individual regret of the 


“opponent”. 


Suppose that each alternative is evaluated by each 
criterion function, the compromise ranking is prepated 
by comparing the measure of closeness to the ideal 
alternative. The m alternatives are denoted as A,, Ao, 
A;, .... Am. For the alternative Aj, the rating of the j th 
aspect is denoted by 2. , Le. 2. is the value of j th 


criterion function for the alternative A;; n is the number 
of criteria. 


The compromise ranking algorithm of the VIKOR 
strategy is presented using the following steps: 


Step 1: Determine the best Q and the worst 


Q values of all criterion functions j =1, 2,..., n . If the 
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j-th function represents a benefit then: 
QF =maxQ.,, OQ =minQg. a Y, 05 a 
Oy eae was ties ; @ a? a? aP 
Step 2: Compute the values S; and R; ; i= 1, 2,..., m, DM?=| 7 bP Is (3) 
by these relations: ®, ar ay, Lae 


s; =2w, (2; -2,)/(2} -9;), 


jel j 
R, =max w, (Q* -9,)/(Q*-97), 
i j i\i ij j j 
Here, w, is the weight of the criterion that expressss its 


relative importance. 


Step 3: Compute the values Q;: i = 1, 2,..., m, using the 
following relation: 


Q, =v(S, -s-)(s*-s-)+(7-v)R, -R-)/(R* -R) 


Here, S* =maxS,, S’ =minS;, 
1 L 





R* =maxR,, R7 =minR, 


1 
Here, v represents “‘the decision making mechanism 
coefficient” (or ‘‘the maximum group utility”). Here 
we consider v= 0.5 . 


Step 4: Preference ranikng order of the the alternatives 
is done by sorting the values of S, R and Q in 
decreasing order. 


3. VIKOR strategy for solving MAGDM problem 
in NCS environment 

In this section, we propose a MAGDM strategy in NCS 
environment. Assume that © ={®,,0,,@,,....0,} be a 
set of r alternatives and Y ={'¥,, '¥,, ‘P;,...,.%,} be a set 
of s attributes. Assume that W={w,,w,,w,,...,.w,} be 


the weight vector of the attributes, where w,2 0 
and yw, =1. Assume that E={E,.E,,E,,...E} be 
k=1 i 


the set of M decision makers and 
€={C,.65,.63,---.Gy} be the set of weight vector of 


M 
decision makers, where ¢, 20 and )) ¢ : =I, 

p=l 
The proposed MAGDM strategy consists of the 
following steps: 
Step: 1. Construction of the decision matrix 
Let DM? = (af)... (P = 1, 2, 3, ..., t) be the p-th 
decision matrix, where information about the alternative 
@; provided by the decision maker or expert E with 


respect to attribute ‘Y;(j = 1, 2, 3, ..., s). The p-th 


decision matrix denoted by DM? (See Equation (3)) is 
constructed as follows: 


@® a?’ a... a? 
r rl 127° ts 


Here p = 1, 2, 3,..., M3; i= 1, 2, 3,...,15 j=1, 2,3,...,5. 
Step: 2. Normalization of the decision matrix 





In decision making situation, cost type attributes 
and benefit type attributes play an important role to 
select the best alternative. Cost type attributes and 
benefit type attributes may exist simultaneously, so 
the decision matrices need to be normalized. We 
use Equation (2) for normalizing the cost type at- 
tributes and benefit type attributes. After normali- 
zation, the normalized decision matrix (Equation 
(3)) is represented as follows (see Equation 4): 


a a 
s 
*p *Dp *p 
QD, all a i2-. a is 
*p *p *p 
DM? = Oo, a 21a 22 a 2s (4) 
*Dp *p *p 
O Arl Arde -A rs 


Tr 


Here, p = 1, 2, 3,...,M;1=1, 2, 3,..., 15 j= 1, 2, 3,...,. 
Step: 3. Aggregated decision matrix 


For obtaining group decision, we aggregate all the 
individual decision matrices (DM? , p =1,2,...,M) to an 
aggregated decision matrix (DM) using _ the 


neutrosophic cubic numbers weighted aggregation 
(NCNWA) operator as follows: 


a, = NCNWA , (aj, ae a; = 


ijort 


(Gia; @C,a; 66.0; ©... OCya;, )= 
M M M M 

<[ 25,65, Zoe HME EEoiG 
p=l p=l p=l p=l 


M M M M M 
Loca ee ee ca ae, £1] > (5) 
p= p=l p= p= p=l 


The NCNWA operator satisfies the following 
properties: 

1. Idempotency 

2. Monotoncity 

3. Boundedness 

Property: 1. Idempotency 

If all al, a; ,a;, =a are equal, then 


ij? ipowe 


a_= NCNWA (al, a’,.... ,a”)=a 
ij or" ij ij 
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Proof: 
Since ai = aij =... = ai =a , based on the Equation “se fro 
(5), we get Sofi ee y 


a= NCNWA (aj; as: an = 


(Cia, Osa, OG.a; O20 Ca, = 
(C,a®C,a®C,a®...OC,,a)= 





{ied Beat EG; ne iG, i" pia 1 





M M M _M M 
lf Sot VC Mies hoe. y > 
p=l p=l p=l p=l p=l 


=<(e tii Mt, f°. ep >=a. 
Property: 3. ne 
j }and {aj',a aj eee ti }be 
any two set of Cotiestonis of M NG nanibers with the 
condition aj < a, (p = 1, 2, ..., M), then 

NCNWA ae 
Proof: 
From the given condition ;“<tj  , we have 


Assume that { a; 


ij? ays 


ij?* ij ij 
-(p) —*(p) 
Sti <6,t, 
M M 7 
~(p) —*(p) 
> 2X6, ti? <2Sot, : 
p=l p=l 
From the given condition sg , we have 
+(p) +*(P) 
Gti SS,t, 
+ *P) 
=> xo, tis XGut 
From the given condition (Pages its , we have 
(so 7” 
Gi ack 
M a¥ 
7 (P) 
=> xs ij (P)> 2 Sol, 


From the tee condition iG>iV , we have 


C ee i 

=> XG, Zz > Gri jr? 

From the given condition fie ty , we have 
Ce eete 7 


From the given condition £;'?2>¢;", we have 


aj )<NCNWA ;(aj',aj 4-08) )- 


M HPS M f7*®) 
=> pe fi koe Gs ij © 

p=l pal 
From the given condition ees , we have 
C oti sGt. te 

*P) 
=> xo, tiP< XGut 
From the given condition iP >i,” , we have 
C, ie Gi i, 
M * 
-*(p) 
> Xo, is XSi : 
p=! 
: ve (<4) 

From the given condition ti? Sty P) we have 

(p) f *(p) 
Si 25, ij 

S PM< S tf 
> XG, fi, — XSp ij 

p= p=l 


From the above relations, we obtain 


NCNWA , (a,,8j9---543)) SNCNWA , (aj) 5---545")- 
Broperty: 2. Bounacdiess 

Let { aj, a 1 Bio waa } be any collection of M NC-numbers. 
If 


a =< [max (t3°” }sfmax({t; [min {ig°”?}.min {ij H, 


[min {fj vy, mine (max {tj 1, min {if }, min {fj })> 


a =< [min {t;” },{min {i,” }J[max {ij”)},max{i;”)}], 


[max {fj ), max) {min {tj}, max {ij }, max {fj })>. 


Then, a’ < NCNWA- (a; ae am) <a*. 


Proof: 
From Property 1 and Property 2, we obtain 


NCNWA pagsa; 
and 

NCNWA Aa gst 
So, we have 

a <NCNWA 2 (aj ay) <a* 


Therefore, the aggregated decision matrix is defined as 
follows: 


a; )2NCNWA ,(a-,a,...,a”) =a 


ort 
gaa) <NCNWA ,(a’, a’,....a°)= 


ort 


ij? Aas 
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Vn rr 
®, Ay, Ay. Ay, 

DM =|@®, a,,a, a), (6) 
®, ayy a ars 


Here, i= 1, 2,3, ...,5j=1, 2,3, ...,8;p =1,2,....,M. 


Step: 4. Define the positive ideal solution 
and negative ideal solution 


a; ) = <[max tj, max tj], [min ij, min ij], (7) 
[min fi, smin ij ae (max t;, min f;,, min fj )> 

ay =<[min tj -min til, [maxij,,max ij], (8) 
[max fi; max ij AA, (min t,max fi, ,max f;) > 

Step: 5.Compute and r, Z, 


and rrepresent the average and worst group 


scores for the alternative A, respectively with the 
relations 








ul ;xD(aj.a i) (9) 
j=l D(a;,a iD 
" ,xD(aj.a | 
Z, =max (10) 
i D(a;.a i) 


Here, w;is the weight of ‘Y;. 


The smaller values of and yeorrespond to the 


better average and worse group scores for 
alternative A; , respectively. 


Step: 6. Calculate the values of 6, (i = 1, 2, 3, 


wey I) 
en =A) (Z,; =27) 
tS ee Grae (11) 


Here, T; =min I,, I, =maxI, , 
1 1 





Z, =min Z,, Z; =maxZ, (12) 


and y depicts the decision making mechanism 
coefficient. If y>0.5, it is for “the maximum group 
utility”; If y<0.5, it is “ the minimum regret”; and it is 
both if y=0.5. 


Step: 7. Rank the priority of alternatives 


Rank the alternatives by, , and __y accorging 


to the rule of traditional VIKOR strategy. The 
smaller value reflects the better alternative. 


4. Illustrative example 


To demonstrate the feasibility, applicability and 
effectiveness of the proposed strategy, we solve a 
MAGDM problem adapted from [51]. We assume that 
an investment company wants to invest a sum of money 
in the best option. The investment company forms a 
decision making board involving of three members (E;, 
E,, E3) who evaluate the four alternatives to invest 
money. The alternatives are Car company (®, ), Food 
company (®, ), Computer company (@®, ) and Arms 
company ( @, ). Decision makers take decision to 
evaluate alternatives based on the attributes namely, 
risk factor ee ), growth factor (‘Y, ), environment 
impact (‘Y,). We consider three criteria as benefit type 
based on Pramanik et al. [58]. Assume that the weight 
vector of attributes is W=(0.36,0.37,0.27)" and weight 
vector of decision makers or experts 
is C=(0.26,0.40,0.34)". Now, we apply the proposed 
MAGDM strategy using the following steps. 
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Multi attribute group decision making problem 


ane! Decision making analysis phase 
s ee oO SY 
Construction of the decision matrix |} 


Normalization of the decision 
matrices 





Define the positive ideal solution 
and negative ideal solution 


Calculate the values 
of 4, 


Rank the priority of 
alternatives 





Figure. 1 Decision making procedure of proposed MAGDM method 
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Step: 1. Construction of the decision matrix We construct the decision matrices as_ follows: 


Decision matrix for DM’ in NCN form 
Y, w, Y, 
®, <.7,.9],L-1,.2),0-1,.2],(.9,.2,.2)> <L.7,.9]L-1,-2),.L1,.2],(.9.2,.2)> <L4,-5),04,-51.4,.5]s(5,-5,.5) > 
®, <[.6,.8],[.2,.3].[-2.-4], (.8,.3,.4) > <1.4,-5],[.4,.5] 1.4.51, 65,-5,-5) > <L7,.9].0-1,.2101,.21,(9,.2,.2)> 
®, <[.4,.5],[.4,.5],0.4,-5],(.5,.5,.5) > <L.6,.8],[.2,.3].[-2,-4],(8,.3,.4) > <[.4,.5],0.4,.51..4,-5],(5,-5,.5) > 
®, <[.3,.4],[.5,.6],[-5,.7], (.4,.6,.7) > <[.4,.5],[-4,.5],1-4,-51,¢5,.5,.5) > <[.7,.9],[.1,.2),0-1,.21,(09,.2,.2) > 
Decision matrix for DM’ in NCN form 
Y, w, w, 
®, <[.3,.4],[.5,.6],[.5,.7], (.4,.6,.7) > <[.4,.5],[-4,.5],[-4,.5],C5,.5,.5) > <[.7,.9],0-1,.21,0-1,.2],(.9,.2,.2)> 
®, <[.4,.5],[.4,.51,0-4,.5],¢5,.5,.5) > <[.4,.5],[-4,-5],.-4,.5],C5,.5,.5) > <[.7,.9],[-1,.2],[.1,.2], (.9,.2,.2) > 
®, <[.7,.9],[.1,.2],[.1,.2],(.9,.2,.2)> <[.7,.9],[.1,.2],0-1,.2],(.9,.2,.2)> <[.4,.5],[-4,.51,[0-4,.5],(-5,.5,.5) > 
®, <[.6,.8],[.2,.3],[.2,.4], (.8,.3,.4) > <[.4,.5],[.4,.5],[.4,.5],(5,.5,.5) > <[.7,.9],£.1,.21,0.- 1.2], (.9,.2,.2)> 


(13) 


(14) 


Decision matrix for DM? in NC-number form 
Y Y, Y; 

®, <[.4,.5],1.4,.5],[.4,.5],(5,.5,.5) > <L.4,.5],[-4,.5],[-4,.5],(.5,.5,.5) > <L.7,.9hL-1,.2h[. 1.2], (.9,-2,.2)> 
®, <[.4,.5],[.4,.5].0.4,-51,(5,-5,.5) > <L7,.9] 01,210 1,.2],(.9,.2,.2)> <1.4,.5114,-5]0.4,-5],(5,.5,.5) > 
®, <[.7,.9],[.1,.2).E.1,-2],(.9,-2,.2)> <[.6,.8],[.2,-3],[.2,.4],(.8,.3,-4) > <[.6,-8],[.2,.3].[-2,-4],(.8,.3,.4) > 
®, <[.7,.9],[.1,.21,[.1,.21,(.9,.2,.2)> <[.4,.5] [4,5] [.4,.5], (5,-5.5) > <[.3,-4]5[.5,-6],[.5,.7], (.4,-6,.7) > 
Step: 2. Normalization of the decision matrix 

Since all the criteria are considered as benefit type, we do not need to normalize the decision matrices (DM', DM’, DM’). 


(15) 





Step: 3. Aggregated decision matrix 
Using equation eq. (5), the aggregated decision matrix of (13, 14, 15) is presented below: 
¥ ¥, Y; 
®, <[.44,.56],[.36,.46],[.36,.51], (.56,.46,.50) > <[.48,.60],.32,.42],[.32,.42], (.60,.42,.42) > <[.62,.80],.18,.28],[.18,.28], (.80,.28,.28) > (16) 
®, <[.45,.58],[.35,-45],[.35,-47], (.58,-45, 47) > <[.50,.64],[.30,.40],[.30,.40], (.64,.40,.40) > <[.60,.76],[.20,.30],[.20,.30], (.76,.30,.30) > 
®, <[.62,.80],[.18,.28],[.18,.28], (.80,.28,.28) > < [.64,.84],[.16,.26],.16,.32], (.84,.26,.32) > <[.47,.60],[-33,.43],1.33,.47], (.60,.43,.47) > 
®, <[.56,.73],1.24,.34],[.24,.41], (.73,.34,.41) > <[.40,.50],[.40,.50],[.40,.50], (.50,.50,.50) > <[.56,.73],[-24,.34],[.24,.37], (.73,.34,.37) > 


Step: 4. Define the positive ideal solution and negative ideal solution 


The positive ideal solution aj = 
Y, Y, Y; 
<[.62,.80],[.18,.28],[.18,.28], (.80,.28,.28)> <[.64,.84],[.16,.26],[.16,.32], (.84,.26,.32)> <[.62,.80],[.18,.28],[.18,.28], (.80,.28,.28) > 
and the negative ideal solution 


a. = Y Y, P; 
<[.44,.56],[.36,.46],[.36,.51], (.56,.46,.50)> <[.40,.50],[.40,.50],[.40,.50], (.50,.50,.50)> <[.47,.60],[.33,.43],[.33,.43], (.60,.43,.47) > 



































Step: 5.Compute and Z. And 
Using Equation (9) and Equation (10), ‘we obtain Te (ae ) [= x | (a x = ]p024 
-{ PS6x02), {OST O6 | [227200 46 0.37 0.25 /\ 0.16 ; 
0.37 0.25 0.16 , 036x018) [oxtx0.4) [ozx002) 
Z, =max ; , =0.21, 
~{ 23ex0us) (O37 <1) [227082 ) oan 0.37 0.25 0.16 
037 0.25 0.16 0.360) (0.370) ( 0.27%0.19 
Z,=max ; R =0.32, 
- -( 23820) (oszee) (S270?) 9 x5 0.37 0.25 0.16 
: 0.37 0.25 0.16 , {sexo = s025) (2 0.07 } 
Z,=max ; =0.37. 
; [226x008 [2273028 [C2zx007 ast 0.37 0.25 0.16 
: 0.37 0.25 0.16 Step: 6. Calculate the values of 


Using Equations (11), (12) and y=0.5, we obit 
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Step: 7. Rank the priority of alternatives 





(0.43 — 0.32) 205% (0.24 — 0.21) 


,=0.5x 
0.25 0.16 


=0.31, 
The preference order of the alternatives based on 














— ae — = i. ne the traditional rules of the VIKOR  startegy 
isO,> O,> ®, > D,. 
3 =0.5x ee NZ) gg One 02) ics RR ee eae 
cig gg AO 
0.25 


5. The influence of parameter y 
Table 1 shows how the ranking order of alternatives (®,) changes with the change of the value of y 









































Values of Values of 6, Preference order of alternatives 
Y 
y =0.1 o,= 0.22, >, = 0.04, o,= 0.62, o,= 1 O,> O,> ®,>9O, 
y =0.2 o, = 0.24, 6, = 0.08, 6,=0.55, 6,= 1 ®,> 0,> 0,>O, 
y =0.3 o, = 0.26, >, = 0.12, >,= 0.48, 6,= 1 ®,> ®,> 0,>9, 
y =04 o, = 0.29, >, = 0.16, ,= 0.41, 6,= 1 ®,>O,>®,>9O, 
y =0.5 o,=0.31, 6,=0.2, 6,= 0.34, o,=1 ®,> 0,> 0,>9, 
y =0.6 o, = 0.34, 6, = 0.24, o,= 0.28, o,= 1 ®©,> 0,> 0,>0, 
y =0.7 6, = 0.36, 6, = 0.28, 6,=0.21, 6,= 1 O,> 0,> 0,>9O, 
y =0.8 o, = 0.39, >, = 0.32, 6,=0.14, 6,= 1 ®,> 0,> 0,>9o, 
y =0.9 o,= 0.42, >, = 0.36, 6,= 90.07, o,= 1 ®,> O,> O,>9O, 




















Table1l. Values of d, (i= 1, 2, 3, 4) and ranking of alternatives for different values of y . 


Figure 2 represents the graphical representation of 
alternatives (4) versus ), G@ = 1, 2, 3, 4) for 
different values of y . 
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Line of lowest values of 6 























Line of greatest.values of 











®, ®, Oo, 





values of o 





6. Conclusions 

In this paper, we have extended the traditional VIKOR 
strategy to NC-VIKOR. We introduced neutrosophic cubic 
numbers weighted aggregation (NCNWA) operator and 
applied it to aggregate the individual opinion to group 
opinion prove its three properties. We develpoed a novel 
NC-VIKOR based MAGDM strategy in neutrosophic 
cubic set environment. Finally, we solve a MAGDM 
problem to show the feasibility, applicability and 
efficiency of the proposed MAGDM strategy. We present a 
sensitivity analysis to show the impact of different values 
of the decision making mechanism coefficient on ranking 
order of the alternatives. The proposed NC-VIKOR based 
MAGDM strategy can be employed to solve a variety of 
problems such as logistics center selection [28, 74], teacher 
selection [75], renewable energy selection[70], fault 
diagnosis[71], brick selection [76, 77], weaver selection 
[78], etc. 
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Abstract Multi-attribute decision making (MADM) is a 
mathematical tool to solve decision problems involving 
conflicting attributes. With the increasing complexity, 
uncertainty of objective things and the neutrosophic nature of 
human thought, more and more attention has been paid to the 
investigation on multi attribute decision making in neutrosophic 
environment, and convincing research results have been reported 
in the literature. While modern algebra and number theory have 
well documented and established roots deep into India's ancient 
scholarly history, the understanding of the springing up of 


neutrosophics, specifically neutrosophic decision making, 
demands a closer inquiry. The objective of the study is to present 
a brief review of the pioneering contributions of personalities as 
diverse as those of P. P. Dey, K. Mondal, P. Biswas, D. Banerjee, 
S. Dalapati, P. K. Maji, A. Mukherjee, T. K. Roy, B. C. Giri, H. 
Garg, S. Bhattacharya. A survey of various concepts, issues, etc. 
related to neutrosophic decision making is discussed. New 
research direction of neutrosophic decision making is also 
provided. 


Keywords: Bipolar neutrosophic sets, VIKOR method, multi attribute group decision making. 


1 Introduction 

Every human being has to make decision in every 
sphere of his/her life. So decision making should be 
pragmatic and elegant. Decision making involves 
multi attributes. Multi attribute decision making 
(MADM) refers to making selections among some 
courses of actions in the presence of multiple, usually 
conflicting attributes. MADM is the most well-known 
branch of decision making. To solve a MADM one 
needs to employ sorting and ranking (see Figure 1). 

It has been widely recognized that most real world 
decisions take place in uncertain environment where 
crisp values cannot capture the reflection of the 
complexity, indeterminacy, inconsistency and 
uncertainty of the problem. 

To deal with crisp MADM problem [1], classical set 
or crisp set [2] is employed. The classical MADM 
generally assumes that all the criteria and their 
respective weights are expressed in terms of crisp 
numbers and, thus, the rating and the ranking of the 
alternatives are determined. However, practical 
decision making problem involves imprecision or 


vagueness. Imprecision or vagueness may occur from 
different sources such as unquantifiable information, 
incomplete information, non-obtainable information, 
and partial ignorance. 

To tackle uncertainty, Zadeh [3] proposed the fuzzy 
set by introducing membership degree of an element. 
Different strategies [4-9] have been proposed for 
dealing with MADM in fuzzy environment. In fuzzy 
set, non-membership membership function is the 
complement of membership function. However, non- 
membership function may be independent in real 
situation. Sensing this, Atanassov [10] proposed 
intuitionistic fuzzy set by incorporating non- 
membership as an independent component. Many 
MADM ésstrategies [11-14] in intuitionistic fuzzy 
environment have been studied in the literature. 
Deschrijver and Kerre [15] proved that intuitionistic 
fuzzy set is equivalent to interval valued fuzzy set 
[16], an extension of fuzzy set. 

In real world decision making often involves 
incomplete, indeterminate and inconsistent 
information. Fuzzy set and intuitionistic fuzzy set 
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cannot deal with the situation where indeterminacy 
component is independent of truth and falsity 
components. To deal with this situation, Smarandache 
[17] defined neutrosophic set. In 2005, Wang et al. 
[18] defined interval neutrosophic set. In 2010, Wang 
et al. [19] introduced the single valued neutrosophic 
set (SVNS) as a sub class of neutrosophic set. SVNS 
have caught much attention of the researchers. SVNS 
have been applied in many areas such as conflict 
resolution [20], decision making [21-30], image proc- 
essing [31-33], medical diagnosis [34], social prob- 
lem [35-36], and so on. In 2013, a new journal, “Neu- 
trosophic Sets and Systems” came into being to 
propagate neutrosophic study, which can be seen in 
the journal website, namely, 
http://fs.gallup.unm.edu/nss. By hybridizing the con- 
cept of neutrosophic sets or SVNSs with the various 
established sets, several neutrosophic hybrid sets have 
been introduced in the literature such as neutrosophic 
soft sets [37], neutrosophic soft expert set [38], single 
valued neutrosophic hesitant fuzzy sets [39], interval 
neutrosophic hesitant sets [40], interval neutrosophic 
linguistic sets [41], rough neutrosophic set [42, 43], 
interval rough neutrosophic set [44], bipolar neutro- 
sophic set [45], bipolar rough neutrosophic set [46], 
tri-complex rough neutrosophic set [47], hyper 
complex rough neutrosophic set [48], neutrosophic 
refined set [49], bipolar neutrosophic refined sets [50], 
neutrosophic cubic set [51], etc. 

So many new areas of decision making in neutroso- 
phic hybrid environment began to emerge. Young re- 
searchers demonstrate great interest to conduct re- 
search on decision making in neutrosophic as well as 
neutrosophic hybrid environment. According to Pra- 
manik [52], the concept of neutrosophic set was ini- 
tially ignored, criticized by many [53, 54], while it 
was supported only by a very few, mostly young, un- 
known, and uninfluential researchers. As we see Sma- 
randache [55, 55, 56, 57] leads from the front and 
makes the paths for research by publishing new books, 
journal articles, monographs, etc. In India, W. B. V. 
Kandasamy [58, 59] did many research works on 
neutrosophic algebra, neutrosophic cognitive 
maps, etc. She is a well-known researcher in neu- 
trosophic study. Pramanik and Chackrabarti [36] 
and Pramanik [60, 61] did some work on neutro- 
sophic related problems. Initially, publishing neu- 
trosophic research paper in a recognized journal 
was a hard work. Pramanik and his colleagues 
were frustrated by the rejection of several neutro- 
sophic research papers without any valid reasons. 
After the publication of the International Journal 





namely, “Neutrosophic Sets and Systems” Pra- 
manik and his colleagues explored the area of de- 
cision making in neutrosophic environment to es- 
tablish their research work. 

In 2016, to present history of neutrosophic theory 
and applications, Smarandache [62] published an 
edited volume comprising of the short biography 
and research work of neutrosophic researchers. 
“The Encyclopedia of Neutrosophic Researchers” 
includes the researchers, who published neutroso- 
phic papers, books, or defended neutrosophic 
master theses or Ph. D. dissertations. It encour- 
ages researchers to conduct study in neutrosophic 
environment. The fields of neutrosophics have 
been extended and applied in various fields, such 
as artificial intelligence, data mining, soft com- 
puting, image processing, computational model- 
ling, robotics, medical diagnosis, biomedical en- 
gineering, investment problems, economic fore- 
casting, social science, humanistic and practical 
achievements, and decision making. Decision 
making in incomplete / indeterminate / inconsis- 
tent information systems has been deeply studied 
by the Indian researchers. New trends in neutro- 
sophic theory and applications can be found in 
[62-67]. 


Considering the potentiality of SVNS and its various 
extensions and their importance of decision making, 
we feel a sense of commitment to survey the 
contribution of Indian mathematicians to multi 
attribute decision making. The venture is exclusively 
new and therefore it may be considered as an 
exploratory study. 


Research gap: 


Survey of new research in MADM conducted by 
the Indian researchers. 


Statement of the problem: 


Contributions of selected Indian researchers to multi- 
attribute decision making in __ neutrosophic 
environment: An overview. 


Motivation: 


The above-mentioned analysis describes the motiva- 
tion behind the present study. 


Objectives of the study 
The objective of the study is: 


e To present a brief review of the pioneering 
contributions of personalities as diverse as those 
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of Dr. Partha Pratim Dey, Dr. Pranab Biswas, Rest of the paper is organized as follows: In section 2, 
Dr. Durga Banerjee, Mr. Kalyan Mondal, Shya- we review some basic concepts related to 
mal Dalapati, Dr. P. K. Maji, Prof. T. K. Roy, — neutrosophic set. Section 3 presents the contribution 
Prof. B. C. Giri, Prof. Anjan Mukherjee, Dr. Har- —_ of the selected Indian researchers. Section 4 presents 
ish Garg and Dr. Sukanto Bhattacharya. conclusion and future scope of research. 











Step2. Formulate 


eS” 


Figure 1. Decision making steps 
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2. Preliminaries 
In this section we recall some basic definitions related 
to this topic. 


Definition.2.1 Neutrosophic Set 


Let X be the universe. A neutrosophic set (NS) [17] P 
in X is characterized by a truth membership function 
Tp, an indeterminacy membership function /p and a 
falsity membership function Fp where7>p Jp and Fpare 
real standardor non-standard subset of /°0,/°/. It can 
be defined as: 

P={<x,(T p(x), Ip(«),F p(x) >:x€X, Tp, Ip. F p 0,1 [} 
There is no restriction on the sum of7p(x),[p(x) and 
F p(x) and so 0°<T p(x) +I p(x) +F p(x)<3"". 


Definition 2.2 Single valued neutrosophic set 


Let X be a space of points (objects) with generic ele- 
ment in X denoted by x. A single valued neutrosophic 
set [19] P is characterized by a truth-membership 
function7 p(x), an indeterminacy-membership function 
Ip(x), and a falsity-membership functionFp(x). For 
each point x in X, Tp(x),[p(x),F p(x) € [0, 1]. A SVNS 
A can be written as: 

A= {<x:T p(x), Ip(x), F p(x)>, x EX}. 


Definition 2.3 Interval valued neutrosophic 
set 


Let X be a space of points (objects) with generic ele- 
ments in X denoted by x. An interval valued neutro- 
sophic set [18] P is characterized by an interval truth- 
membership function 7p(x)=/Tp,Tp’], an interval in- 
determinacy-membership function Jp(x)=/If, If], and 
an interval falsity-membership function 
Fro(x)=[Ff, FS ]. For each point xeX, Tp(x), Ip(x), 
F(x) C[0, 1]. AnIVNS P can be written as: 
P= {<x: Tp(x),Ip(x),Fp(x)>x © X}. 

Definition 2.4: Bipolar neutrosophic set 

A bipolar neutrosophic set [45] P in_X is defined as an 
object of the formP={<x, 7” (x),I"(x),F"(), 
T" (x) J"), F" (x) >: x €X}, whereT”, I", F".X> 
[1, O] and 7”, J" ,F"”: X— [-1, 0] . The positive 
membership degree 7” (x), I(x), F"(x) denotes 
respectively the truth membership, indeterminate 


membership and false membership degree of an ele- 
ment <X corresponding to a bipolar neutrosoph- 


ic set P and the negative membership degree 7”(x), 
I(x), F"(x) denotes respectively the truth member- 
ship, indeterminate membership and false member- 


ship degree of an element x €.X to some implicit 
counter-property corresponding to a bipolar neutro- 
sophic set P. 


Definition 2.5: Neutrosophich hesitant fuzzy 
set 

Let X bea fixed set, a neutrosophic hesitantfuzzy set 
[39] (NHES) on_X is defined as: 
M={<x,T(x),1(x),F(x)>|x € X jwhere T(x) ={ ala € 
T(x)} 1x) ={BIB € 1(x)} and F(x) ={yly € F(x)} 
are the three sets of some different values in the 
interval [0, 1], which represent the possible truth- 
membership hesitant degree, indeterminacy- 
membership hesitant degree, and falsity-membership 
hesitant degree of the element xeX to the set M, and 
satisfies the following conditions: 

ae[0,1], Be[0,1], ye[0,1] and 

supB* + supy* <3 where at= 
Uaer(x) max{a}, B* = Ugeigy maxB and y* = 
Uyervy max{y} forx € X. 

The triplet m = {T(x),I(x),F(x)} is called a 
neutrosophic hesitant fuzzy element (NHFE) which is 
the basic unit of the NHFS and is denoted by the 
symbol m={T, I, F}. 


Definition 2.6: Interval neutrosophic hesitant 
fuzzy set 


Let X¥ be a_ nonempty fixed set, an Interval 
neutrosophic hesitant fuzzy set [67] onX is defined 
as: 


P = {(x, T(x), 1(x), F(x)) |x € X}. 

HereT (x), I(x) and F(x) are sets of some different 
interval values in [0, 1], which denotes respectively 
the possible truth-membership hesitant degree, 
indeterminacy-membership hesitant degree, and 
falsity-membership hesitant degree of the element x € 
Q. to the set P. Then, 7(x)={@& |@ € T(x)}, where & = 
[a@",@"] is an interval number; & = inf @and@” = 
sup@ represents the lower and upper limits 
of @, respectively; I(x) = {B|B € 1(x)},where PB = 
[B4,B8"] is an interval number; ~! = inff and 
B” = sup f represents the lower and upper limits of 
B, respectively, F(x)= {7|f € F(x) , where 7 = 
[7.y"]is an intervalnumber; 7" = inff and, 7’ = 
supy represents the lower and upper limits off, 
respectively and satisfied the condition 

0 < supa@* + supBt + supy* <3 

where &* = Uner(x) max{a}, B* = 
Uzerx) max{B}andy* = Useroy max{7} forx € X. 


0<supat+ 
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The triplet 6 = {T (x), I(x), F(x)} is called an interval 
neutrosophic hesitant fuzzy element or simply INHFE, 
which is denoted by the symbol } = {T,/, F}. 


Definition 2.7 Triangular fuzzy neutrosophic 
sets 


Let X be the finite universe and F [0, 1] be the set of 
all triangular fuzzy numbers on [0, 1]. A triangular 
fuzzy neutrosophicset (TFNS) [68] P with 

Tp(x):X— F[0,1],Jp:-X— [0,1] and Fp:X> 

in X is defined as: 

P={<x:Tp(x),I p(x), F(x) >, xeX}> 

where Tp(x):X > F[0,1], Ip:X— [0,1] and Fp-X > 
[0,1] . The triangular fuzzy numbers 7>(x) 
=(Tp, Te, Te), Le(x)=Up, Ip, Ip) and F(x) =(Fp, Fe, Fe), 
respectively, denotesrespectively the possible truth- 
membership, indeterminacy-membership and a falsi- 
ty-membership degree of x in P and for every xe X 
O< TB(x) + B(x) + FB (x) < 3. 

The triangular fuzzy neutrosophic value (TFNV)P is 
symbolized by 

<(Lm,n), (p,4,"),(u,v,w)> where, (Tp (x), Te), Tp (x) 
= (L,m,n) (13x), IR(@), 18 @)) = (p,q) and 

(Fy (x), Fy (2), Fp (x)) = (uv,w). 


Definition2.8Neutrosophic soft set 


Let V be an initial universe set and E be a set of 
parameters. Consider A C E. Let P( V ) denote the set 
of all neutrosophic sets of V. The collection (F, A ) is 
termed to be the soft neutrosophic set [37] over V, 
where F is a mapping given by F': A > P(V). 


Definition 2.9 Neutrosophic cubic set 


Let U be the space of points with generic element in 
U denoted by ue U. A neutrosophic cubic set [51]in 
U defined as N = {< u, A (wy), AWW) >: uEU; in 
which A (u) is the interval valued neutrosophic set 
and A (u) is the neutrosophic set in U. A neutrosophic 


cubic set in U denoted by N = <A, A>. We use 
CN (U) as a notation which implies that collection of 


all neutrosophic cubic sets in U. 
Definition 2.10 Rough Neutrosophic Sets 


Let X be a non empty set and R be an 
equivalence relation on X . Let P be a neutrosophic 
set in Y with the membership function 7p, 
indeterminacy function Jp and non-membership 
function F’p. The lower and the upper approximations 
of P in the approximation (X, R) denoted 


by L(P) and L(P) 
follows: 


L(P)=(<x,T el X)-1 ef 2)F yefX)>/ VEX] XX), 
L(P)=(<x, Tie X),1 eh), Fe fX)>/ VEX], XEX), 
Trp) (x)=Ay € LX] ep Tr(y), 

TLm@)=v ,€ [x], Ie(y), 


are respectively defined as 


Fup (X)=Vv < [x], Fp(y), 

Trp) )=V, €L]p T p(y), 

Ti (X) TS [x], I(y), 

Fre(X)=A ,€ [x], Fp(y) 

So, 0S sup T pp) (x) + sup Tz¢p)(x)+ sup F (p(x) 

<3. 

OS sup TZ (p)(x) + sup IZ ;p)(x)+ sup FZ(p)(x) S3. 
Here v and «a denotes “max” and “min’’ 

operators respectively. Tp(y), p(y) and F(y) are the 


membership, indeterminacy and non-membership 
function of y with respect to P and also L(P) and 


L(P) are two neutrosophic sets in_X. 
Therefore, NS mapping L, L:L(X) + L(X) are, 
respectively, referred to as the lower and the upper 


rough NS approximation operators, and the pair 
(L(P),L(P)) is called the rough neutrosophic set 


[42] in (Y, R). 
Definition 2.11Refined Neutrosophic Sets 


LetX¥ be a universe. A neutrosophic refined set 
(NRS) [49]4 on_X can be defined as follows: 


ie ( #, (TAR) TS @ae TP), La) 14) 1 =) 
(F{X), Fa (x), FP (x) > 

T4 (x), T? (x),...T2 (x): X > [0,1], 

Ti (8), U(X). 1? (x) X > [0,1], and 

Fi (x), Fi (x), F?(x):X > [0,1]. For any x € X 

(71%), 7 7) arth TP (x)) , (140), 15 0) om tE@)) and 

(F1(x), FRO) FL (x) is the truth-membership 


Here, 


sequence, indeterminacy-membership sequence and 
falsity-membership sequence of the element x, 
respectively. 
Section 3 The contribution of the selected Indian 
researchers 
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3.1 Dr. Partha Pratim Dey 





Dr. Partha Pratim Dey was born at Chak, P. O.- 
Islampur, Murshidabad, West Bengal, India, PIN- 
742304. Dr. Dey qualified CSIR-NET-Junior 
Research Fellowship (JRF) in 2008. His paper 
entitled‘“Fuzzy goal programming for multilevel 
linear fractional programming problem”coauthored 
with Surapati Pramanik was awarded as the best 
paper in West Bengal State Science and Technology 
Congress (2011) in mathematics. He obtained Ph. D. 
in Science from Jadavpur University, India in 
2015.Title of his Ph. D. Thesis [70] is:“Some studies 
on linear and non-linear bi-level programming 
problems in fuzzy envieonment*’. He continues his 
research in the feild of fuzzy multi-criteria decision 
making and extends them in __ neutrosophic 
environment. Curently, he is an assistant teacher of 
Mathematics in Patipukur Pallisree Vidyapith, 
Patipukur, Kolkata-48. His research interest includes 
decision making in neutrosophic environemnt and 
optimization. 


Contribution: 


In 2015, Dey, Pramanik, and Giri [71] proposed a 
novel MADM strategy based on extended grey 
relation analysis (GRA) in interval neutrosophic 
environment with unknown weight of the attributes. 
Maximizing deviation method is employed to 
determine the unknown weight information of the 
atributes. Dey et al. [71] also developed linguistic 
scale to transform linguistic variable into interval 
neutrosophic values. They employed the developed 
strategy for dealing with practical problem of 
selecting weaver for Khadi Institution. Partha Pratim 
Dey, coming from a weaver family, is very familiar 
with the parameters of weaving and criteria of 
selection of weavers. Several parameters are defined 
by Dey et al. [71] to conduct the study. 


Dey et al. [72] proposed a TOPSIS strategy at first in 
single valued neutrosophic soft expert set 
environmnet in 2015. Dey et al. [72] determined the 
weights of the parameters by employing maximizing 


deviation method and demonstrated an illustrative 
example of teacher selection problem. According to 
Google Scholar Citation, this paper [72] has been 
cited by 15 studies so far. 

In 2015, Dey et al. [73] established TOPSIS startegy 
in generalized neutrosophic soft set environmnet and 
solved an_ illustrative MAGDM _ problem. In 
neutrosophic soft set environment, Dey et al. [74] 
grounded a new MADM strategy based on grey 
relational projection technique. 


In 2016, Dey et al. [75] developed two new strategies 
for solving MADM problems with interval-valued 
neutrosophic assessments. The empolyed measures 
[75] are namely, 1) weighted projection measure and 
ii) angle cosine and projection measure. Dey et al. 
[76] defined Hamming distance function and 
Euclidean distance function between bipolar 
neutrosophic sets. In the same study, Dey et al. [76] 
defined bipolar neutrosophic relative positive ideal 
solution (BNRPIS) and _neutrosophic relative 
negative ideal solution(BNRNIS) and developed an 
MADM strategy in bipolar neutrosophic environemnt. 


Deyet et al. [77] presented a GRA strategy for solving 
MAGDM problem’ under __neutrosophic soft 
environment and solved an illustrative numerical 
example to show the effectiveness of the proposed 
strategy. 

In 2016, Dey et al. [78] discussed a solution strategy 
for MADM problems with interval neutrosophic 
uncertain linguistic information through extended 
GRA method. Dey et al. [78] also proposed Euclidean 
distance between two interval neutrosophic uncertain 
linguistic values. 


Pramanik, Dey, Giri, and Smarandache [79] defined 
projection, bidirectional projection and _ hybrid 
projection measures between bipolar neutrosophic 
sets in 2017 and proved their basic properties. In the 
same study [79], the same authors developed three 
new MADM ésstrategies based on the proposed 
projection measures. They validated their result by 
solving a numerical example of MADM. 


In 2017, Pramanik, Dey, Giri, and Smarandache [80] 
defined some operation rules for neutrosophic cubic 
sets and introduced the Euclidean distance between 
them.nThe authors also defined neutrosophic cubic 
positive and negative ideal solutions and established 
anew MADM strategy. In 2018, Dey, Pramanik, Ye 
and Smarandache [81] introduced cross entropy and 
weighted cross entropy measures for bipolar neutro- 
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sophic sets and interval bipolar neutrosophic sets and 
proved their basic properties. The authors also devel- 
oped two new multi-attribute decision-making strate- 
gies in bipolar and interval bipolar neutrosophic set 
environment. The authors solved two illustrative nu- 
merical examples and compared the obtained results 
with existing strategies to demonstrate the feasibility, 
applicability, and efficiency of their strategies. 


Pramanik, Dey and Giri [82] defined hybrid vector 
similarity measure between single valued refined 
neutrosophic sets (SVRNSs) and proved their basic 
properties and developed an MADM strategy and 
employed them to solve an illustrative example of 
MADM in SVRNS environment. 


Pramanik, Dey and Smarandache [83] defined the 
correlation coefficient measure Cor (L;, L2) between 
two interval bipolar neutrosophic sets (IBNSs) ZL), L2 
and proved the following properties: 

(1) Cor (L;, L2) = Cor (L2, L7) 3 

(2) 0S Cor (Li, L2) £1; 

(3) Cor (L,, L2) = 1, if Lj= Lo. 

In the same study, the authors defined weighted 
correlation coefficient measure Cor,(L;, L;) between 
two IBNSs L,, L, and established the following 
properties: 

(1) Cor,(Li, L>) = Cor, (Lo, L)); 

(2) OSCor,(L;, £2) 1; 

(3) Cor,(L,, L2) = 1, if L= Lp. 

The authors [83] also developed a novel MADM 
straegy based on weighted correlation coefficient 
measure and empolyed to solve an investment 
problem and compared the solution with existing 


startegies. 
Pramanik, Dey, and Smarandache [84] defined 
Hamming and Euclidean distances measures, 


similarity measures based on maximum and minimum 
operators between two IBNSs and proved their basic 
properties. In the same research, Pramanik et al. [84] 
deveolped a novel MADM strategy in IBNS 
environment. 

In fuzzy environment, work of Dey and Pramanik 
[85] obtained the best paper award in Mathematics in 
2011 at 18th West Bengal State Science & 
Technology Congress Tilte of the paper was:‘ Fuzzy 
goal programming for multilevel linear fractional 
programming problems’. 

In 2015, Dr. Dey obtained “Diploma Certificate” 
from Neutrosophic Science InternationalAssociation 
(NISA) for his outstanding performance in 
neutrosophic research. He was awarded the certificate 
of outstanding contribution in reviewing for the 
International Journal ‘“Neutrosophic Sets and 
Systems“. His works in neutrosophics draw much 


attention of the researchers international level. 
According to “ResearchGate’’ a social networking 
site for scientists and researchers, citation of his 
research exceeds 200. He is an active member of 
“*Indian society for neutrosophic study’’. 

Dr. Dey is very much intersted in neutrosophic study. 
He continues his research work with great 
mathematician like Prof. Florentin Smarandache and 
Prof. Jun Ye. 


3.2 Kalyan Mondal 





Kalyan Mondal was born at Shantipur, Nadia, West 
Bengal, India, Pin-741404. He qualified CSIR-NET- 
Junior Research Fellowship (JRF) in 2012. He is a 
research scholar in Mathematics of Jadavpur 
University, India since 2016. Title of his Ph. D. thesis 
is: “Some decision making models based on 
neutrosophic strategy”. His paper entiled “MAGDM 
based on contra-harmonic aggregation operator in 
neutrosophic number (NN) environment’? coauthored 
with Surapsati Pramanik and Bibhas C. Giri was 
awarded outstanding paper in West Bengal State 
Science and Technology Congress (2018) in 
mathematics. He continues his research in the field 
neutrosophic multi-attribute decision making; 
aggregation operators; soft computing; pattern 
recognitions; neutrosophic hybrid systems, rough 
neutrosophic sets, neutrosophic numbers, 
neutrosophic game theory, neutrosophic algebraic 
structures. Presently, he is an assistant teacher of 
Mathematics in Birnagar High School (HS) Birnagar, 
Ranaghat, Nadia, Pin-741127, West Bengal, India. 


Contribution: 


In 2014, Mondal and Pramanik [86]initiated to study 
teacher selection problem using neutrosophic logic. 
Pramanik and Mondal [87] defined cosine similarity 
measure for rough neutrosophic sets as Crys(A, B) 
between two rough neutrosophic sets A, B and 
established the following properties: 

(1) Crns(A, B) = Crns (B, A); 

(2) 0SGayd A; BYS1: 

(3) Crns(A, B) = 1, iff A= B. 

In the same study, Pramanik and Mondal [87] 
applied cosine similarity measure for medical 
diagnosis. 


Surapati Pramanik, Rama Mallick, Anindita Dasgupta, Contributions of Selected Indian Researchers to Multi Attribute 
Decision Making in Neutrosophic Environment: An Overview 


Neutrosophic Sets and Systems, Vol. 20, 2018 


116 





Mondal et al. [88] proposed a rough cotangent 
similarity measure in 2015 and studied some of its 
basic properties. The authors demonstrated an 
application of cotangent similarity measure of rough 
neutrosophic sets for medical diagnosis. 

Pramanik and Mondal [89] introduced interval 
neutrosophic MADM strategy with completely 
unknown attribute weight information based on 
extended grey relational analysis. 

In 2015, Mondal and Pramanik [90] presents rough 
neutrosphic MADM strategy based on GRA. They 
also extended the neutrosophic GRA strategy to 
rough neutrosophic GRA strategy and applied it to 
MADM problem. The authors first defined 
accumulated geometric operator to transform rough 
neutrosophic number (neutrosophic pair) to single 
valued neutrosophic number. 


In 2015, Mondal and Pramanik [91] presented a 
neutrosophic MADM strategy for school choice 
problem. The authors used five criteria to modeling 
the school choice problem in __neutrosophic 
environment. 


In 2015, Mondal and Prammanik [92] defined 
cotangent similarity measure for neutrosophic sets as 
COTyps(N, P) between two refined neutrosophic sets N, 
P and established the following properties: 

(1) COT yrs(N, P) = COT yrs (P, N); 


(2) 0ScortwestN, P)S1; 

(3) COTyrs(P, N) = 1, if P=N. 
In the same study, Mondal and Pramanik [92] 
presented an application of cotangent similarity 
measure of neutrosophic single valued sets in a 
decision making problem for educational stream 
selection. 
Mondal and Pramanik [93] also defined rough 
accuracy score function and proved their basic 
properties. The authors also introduced entropy based 
weighted rough accuracy score value. The authors 
developed a novel rough neutrosophic MADM 
startegy with incompletely known or completely 
unknown attribute weight information based on rough 
accuracy score function. 
Pramanik and Mondal [94] presented rough Dice and 
Jaccard similarity measures between rough neutro- 
sophic sets. The authors proposed weighted rough 
Dice and Jaccard similarity measures, and proved 
their basic properties. The authors presented an appli- 
cation of rough neutrosophic Dice and Jaccard simi- 
larity measures in medical diagnosis. 


Mondal and Pramanik [95] defined tangent similarity 
measure and proved their basic properties. In the 
same study, Mondal and Pramanik developed a novel 
MADM strategy for MADM problems in SVNS 
environment. The authors resented two illustrattive 
exaxmples, namely selection of educational stream 
and medical diagnosis to demonstrate the feasibility, 
and applicability of the proposed MADM strategy. 
Mondal and Pramanik [96] studied the quality clay- 
brick selection strategy based on MADM with single 
valued neutrosophic GRA.The authors used 
neutrosophic grey relational coefficient on Hamming 
distance between each alternative to ideal 
neutrosophic estimates reliability solution and ideal 
neutrosophic estimates unreliability solution. They 
also used neutrosophic relational degree to determine 
the ranking order of all alternatives. 

In 2015, Mondal and Pramanik [97] defined a refined 
tangent similarity measure strategy of refined 
neutrosophic sets and proved its basic properties. 
They presented an application of refined tangent 
similarity measure in medical diagnosis. 

Mondal and Pramanik [98] introduced cosine, Dice 
and Jaccard similarity measures of interval rough 
neutrosophic sets and proved their basic properties. 
They developed three MADM strategies based on 
interval rough cosine, Dice and Jaccard similarity 
measures and presented an illustrative example, 
namely selection of best laptop for random use. 

In 2016, Mondal and Pramanaik [47] defined rough 
tri-complex similarity measure in rough neutrosophic 
environment and proved its basic properties. In the 
same study, Mondal and Pramnaik [47] developed a 
novel MADM strategy for dealing with MADM 
problem in rough  tri-complex _ neutrosophic 
envioronment. Mondal, Pramanik, and Smarandache 
[48] introduced the rough neutrosophic hyper- 
complex set and the rough neutrosophic hyper- 
complex cosine function in 2016, and proved their 
basic properties. They also defined the rough 
neutrosophic hyper-complex similarity measure and 
proved their basic properties. They also developed a 
new MADM strategy to deal with MADM problems 
in rough neutrosophic _hyper-complex _ set 
environment. They presented a hypothetical 
application to the selection problem of best candidate 
for marriage for Indian context. 

Mondal, Pramanik, and Smarandache [99] defined 
rough trigonometric Hamming similarity measures 
and proved their basic properties. In the same study, 
Mondal et al. [99] developed a novel MADM 
strategies to solve MADM problems in rough 
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neutrosophic environment. The authors provided an 
application, namely selection of the most suitable 
smart phone for rough use. 

In 2017, Mondal, Pramanik and Smarandache [100] 
developed a new MAGDM strategy by extending the 
TOPSIS strategy in rough neutrosphic environment, 
called rough neutrosophic TOPSIS strategy for 
MAGDM. They also proposed rough neutrosophic 
aggregate operator and rough neutrosophic weighted 
aggregate operator. Finally, the authors solved a 
numerical example to demonstrate the applicability 
and effectiveness of the proposed TOPSIS startegy. 


Mondal, Pramanik, Giri and Smarandache [101] 
proposed neutrosophic number harmonic mean 
operator (NNHMO) and _ neutrosophic number 
weighted harmonic mean operator NNWHMO and 
cosine function to determine unknown criterion 
weights in neutrosophic number (NN) environment. 
The authors developed two strategies of ranking NNs 
based on score function and accuracy function. The 
authors also developed two novel MCGDM 
strategies based on the proposed aggregation 
operators. The authors solved a hypothetical case 
study and compared the obtained results with other 
existing strategies to demonstrate the effectiveness of 
the proposed MCGDM strategies. The significance of 
these stratigies is that they combine NNs with 
harmonic aggregation operators to cope with 
MCGDM problem. 
In 2018, Mondal, Pramanik and Giri [102] inroduced 
hyperbolic sine similarity measure and weighted 
hyperbolic sine similarity measure namely, 
SVNHSSM(4, 8) for SVNSs. They proved the 
following basic properties. 

1. 0< SVNHSSM(A, B)< 1 

2. SVNHSSM(4, 8) = | if and only if4 = B 

3. SVNHSSM (4, B) =SVNHSSM(B, A) 

4. IfRisaSVNS in X and A-B-R then 

SVNHSSM(4, R)< SVNHSSM(A, B) and 

SVNHSSM(4, R)< SVNHSSM(B, R). 
The authors also defined weighted hyperbolic sine 


similarity measure for SVNS namely, 
SVNWHSSM(4, 8) and proved the following 
basicproperties. 


1. 0<SVNWHSSM(4, B)< 1 

2. SVNWHSSM (A, B) = | if and only if4 = B 

3. SVNWHSSM (4, B)=SVNWHSSM(B, A) 

4. If R is a SVNS in X and 4c BcR then 
SVNWHSSM (4, R)< SVNWHSSM(A, 2B) 
and SVNWHSSM (4, R)<; SVNWHSSM (2, 
R). 

The authors defined compromise function to 

determine unknown weight of the attributes in SVNS 

environment. The authors developed a novel MADM 


strategy based on the proposed weighted similarity 
measure. Lastly, the authors solved a numerical 
example and compared the obtained results with the 
existing strategies to demonstrate the effectiveness of 
the proposed MADM strategy. 

Mondal, Pramanik, and Giri [103] defined tangent 
similarity measure and proved its properties in 
interval valued neutrosophic environment. The 
authors developed a novel MADM strategy based on 
the proposed tangent similarity measure in interval 
valued neutrosophic environment. The authors also 
solved a numerical example namely, selection of the 
best investment sector for an Indian government 
employee. The authors also presented a comparative 
analysis. 

Mondal et al. [104] employed refined neutrosophic 
set to express linguistic variables. The authors 
proposed linguistic refined neutrosophic set. The 
authors developed an MADM strategy based on 
linguistic refined neutrosophic set. The authors also 
proposed an entropy method to determine unknown 
weight of the criterion in linguistic neutrosophic 
refined set environment. They presented an 
illustrative example of constructional spot selection to 
show the feasubility and applicability of the proposed 
strategy. 

Mr. Kalyan Mondal is a young and hardworking 
researcher in neutrosophic field. He acts as an area 
editor of international journal,“Journal of New 
Theory” and acts as a reviewer for different 
international peer reviewed journals. In 2015, Mr. 
Mondal was awarded Diploma certificate from 
Neutrosophic Science _InternationalAssociation 
(NISA) for his outstanding performance in 
neutrosophic research. He was awarded the certificate 
of outstanding contribution in reviewing for the 
International Journal ‘“Neutrosophic Sets and 
Systems’’. His works in neutrosophics draw much 
attention of the researchers at international level. 
According to “Researchgate’’, citation of his research 
exceeds 430. 


3.3 Dr. Pranab Biswas 





Pranab Biswas obtained his Bachelor of Science 
degree in Mathematics and Master degree in Applied 
Mathematics from University of Kalyani. He obtained 
Ph. D. in Science from Jadavpur University, India. 
Title of his thesis is “Multi-attribute decision making 
in neutrosophic environment”. 
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He is currently an assistant teacher of Mathematics. 
His research interest includes multiple criteria deci- 
sion making, aggregation operators, soft computing, 
optimization, fuzzy set, intuitionistic fuzzy set, neu- 
trosophic set. 

Contribution: 

In 2014, Biswas, Pramanik and Giri [105] 
proposed entropy based grey relational analysis 
strategy for MADM problem with single valued 
neutrosophic attribute values. In neutrosophic 
environment, this is the first case where GRAwas 
applied to solve MADM problem. The authors 
also defined neutrosophic relational degree. 
Lastly, the authors provided a numerical example 

to show the feasibility and applicability of the 
developed strategy. 

In 2014, Biswas et al. [106] introduced single —valued 
neutrosophic MADM strategy with incompletely 
known and completely unknown attribute weight 
information based on modified GRA.The authors also 
solved an optimization model to find out the 
completely unknown attribute weight by ustilizing 
Lagrange function. At the end, the authors provided 
an illustrative example to show the feasibility, 
practicalitry and effectiveness of the proposed 
strategy. 


Biswas et al. [69] introduced a new strategy called 
“Cosine similarity based MADM with trapezoidal 
fuzzy neutrosophic numbers”.The authors also 
established expected interval and the expected value 
for trapezoidal fuzzy neutrosophic number and cosine 
similarity measure of trapozidal fuzzy neutrosophic 
numbers. 


In 2015, Biswas et al. [107] extended TOPSIS 
strategy for MAGDM in _ neutrosophic 
environment. In the study, rating values of 
alternative are expressed by linguistic terms such 
as Good, Very Good, Bad, Very Bad, etc. and 
these terms are scaled with  single-valued 
neutrosophic numbers. Single-valued neutrosophic 
set-based weighted averaging operator is used to 
aggregate all the individual decision maker’s 
opinion into one common opinion for rating the 
importance of criteria and alternatives. The 
authors provided an illustrative example to 
demonstrate the proposed TOPSIS strategy. 

Biswas et al. [108] further extened the TOPSIS 
strategy for MAGDM in - single-valued 
neutrosophic environment. The authors developed 
a non-linear programming based strategy to study 
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MAGDM problem. In the same study, the authors 
converted the single valued neutrosophic numbers 
into interval numbers. The authors employed 
nonlinear programming model to determine the 
relative closeness co-efficient intervals of 
alternatives for each decision maker. Then, the 
closeness co-efficient intervals of each alternative 
are aggregated according to the weight of decision 
makers. Further, the authors developed a priority 
matrix with the aggregated intervals of the 
alternatives. The authors obtained the ranking 
order of all alternatives by computing the optimal 
membership degrees of alternatives with the 
ranking method of interval numbers. Finally, the 
authors presented an illustrative example to show 
the effectiveness of the proposed strategy. 


In 2015, Pramanik, Biswas, and Giri [109] 
proposed two new hybrid vector similarity 
measures of single valued and _ interval 
neutrosophic sets by hybriding the concept of Dice 
and cosine similarity measures.The authors also 
proved their basic properties. The authors also 
presented their applications in multi-attribute 
decision making in neutrosophic environment. 


Biswas et al. [110] proposed triangular fuzzy 
number neutrosophic sets by combining triangular 
fuzzy number with single valued neutrosophic set 
in 2016. Biswas et al. [110] also defined some of 
its operational rules. The authors defined 
triangular fuzzy number neutrosophic weighted 
arithmetic averaging operator and triangular fuzzy 
number  neutrosophic weighted geometric 
averaging operator to aggregate triangular fuzzy 
number nuetrosophic set. The authors also 
established some of their properties of the 
proposed operators. The authors also presented an 
MADM strategy to solve MADM in triangular 
fuzzy number neutrosophic set environment. 


In 2016, Biswas et al. [111] defined score value, 
accuracy value, certainty value, and normalized 
Hamming distance of single valued neutrosophic 
hesitant fuzzy sets.The authors also defined positive 
ideal solution and negative ideal solution by score 
value and accuracy value. The authors calculated the 
degree of grey relational coefficent between each 
alternative and ideal alternative. The authors also 
determined a relative closeness coefficient to obtain 
the ranking order of all alternatives. Finally, the 
authors provided an illustrative example to show the 
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validity and effectiveness of the proposed grey 
relational analysis based MADM strategy in single 
valued neutrosophic hesitant fuzzy set environment. 


Biswas, Pramanik, and Giri [112] proposed a class of 
distance measures for single-valued neutrosophic 
hesitant fuzzy sets in 2016 and proved their 
properties with variational parameters. The authors 
applied weighted distance measures to calculate the 
distances between each alternative and _ ideal 
alternative in the MADM problems. The authors 
developed a MADM strategy based on the proposed 
distance functions in single valued neutrosophic 
hesitant fuzzy set environment. The authors 
provided an illustrative example to verify the 
proposed strategy and to show its fruitfulness. The 
authors also compared the proposed strategy with 
other existing startegies for solving MADM in single 
valued neutrosophic hesitant fuzzy set environment. 


Biswas et al. [113] introduced single-valued 
trapezoidal neutrosophic number (SVTrNN), which is 
a special case of single-valued neutrosophic number 
and developed a ranking method for ranking 
SVTrNNs. The authors presented some operational 
tules as well as cut sets of SVIrNNs. The authors 
defined the value and ambiguity indices of truth, 
indeterminacy, and falsity membership functions of 
SVTrNNs. Using the proposed ranking strategy and 
proposed indices, the authors developoed a new 
MADM strategy to solve MADM problem in which 
the ratings of the alternatives over the attributes are 
expressed in terms of TrNFNs. Finally, the authors 
provided an illustrative example to demonstrate the 
validity and applicability of the proposed MADM 
strategy with SVTrNNs. 


In 2016, Biswas et al.[114] introduced the concept of 
SVTINN in the form: 

Ay = (G44) 424, 33,41), (041, B21, 31, bar); 
(C11, C21, C31, C41) ) where Q14, 421,431, Qa1, 
by, b21, b34, bay, C11, C21, C31, C41 are real numbers 
and satisfy the inequality 
Cy1 Sy S yy S Cg, S DQ, S Ay) S Ag, S 31 S 
C31 S Ag, S Dyy S Cr. 
The authors defined some arithmetical operational 
tules. The authors also defined value index and 
ambiguity index of SVTrNNs and established some 
of their properties. The authors developed a ranking 
strategy with the proposed indicess to rank SVTrNNs. 
The authors developed a new MADM strategy to 
solve MADM problems in SVTrNN environment. 


Biswas et al. [115] extended the TOPSIS strategy of 
MADM problems in_ single-valued trapezoidal 
neutrosophic number environment. In their study, the 
attribute values are expressed in terms of single- 


valued trapezoidal neutrosophic numbers. The 
authors deal with the situation where the weight 
information of attribute is incompletely known or 
completely unknown. The authors developed an 
optimization model using maximum deviation 
strategy to obtain the weight of the attributes. The 
authors also illustrated and validated the proposed 
TOPSIS strategy by solving a numerical example of 
MADM problems. 

Biswas et al. [116] introduced a new neutrosophic 
numbers called interval neutrosophic trapezoidal 
number (INTrN) characterized by interval valued 
truth, indeterminacy, and falsity membership degrees 
and defined some arithmetic operations on INTrNs, 
and normalized Hamming distance between INTrNs. 
In the same study, Biswas et al. [116] developed a 
new MADM strategy, where the rating values of al- 
ternatives over the attributes and the importance of 
weight of attributes assume the form of INTrNs. 
Biswas et al. [116] employed the entropy strategy to 
determine thr attribute weight and then used it to cal- 
culate aggregated weighted distance measure and de- 
termined ranking order of alternatives with the help of 
aggregated weighted distance measures. Biswas et al. 
[116] also solved an illustrative example to show the 
feasibility, applicability and effectiveness of the pro- 
posed strategy. 

Dr. Biswas’s work [117] obtained outstanding paper 
award at “Second Regional Science and Technology 
Congress, 2017’’ held at University of Kalyani, 
Nadia, West Bengal, India. His resesrch interest 
includes fuzzy, intuitionistic fuzzy and neutrosophic 
decision making. 


Dr. Pranab Biswas is a young and hardworking 
researcher in neutrosophic field. In 2015, Dr. Biswas 
was awarded “Diploma Certificate” from 
Neutrosophic Science International Association 
(NISA) for his outstanding performance in 
neutrosophic research. He was awarded the certificate 
of outstanding contribution in reviewing for the 
International Journal “Neutrosophic Sets and 
Systems’’ in 2018. According to “Researchgate’’, 
citation of his research exceeds 375. Research papers 
of Biswas et al. [105, 112] received the best paper 
award from “Neutrosophic Sets and Systems’’ for 
volume 2, 2014 and volume 12, 2016. His works in 
neutrosophics draw much attention of the researchers 
in national as well international level. His Ph. D. 
thesis entilted:“Multi-attribute decision making in 
neutrosophic environment” was awarded “Doctorate 
of Neutrosophic theory’ by Indian Society for 
Neutrosophic Study (ISNS) with sponsorship by 
Neutrosophic Science International Association 
(NSIA). 
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3.4 Dr.Durga Banerjee 





Durga Banerjee passed M. Sc. from Jadavpur 
University in 2005. In 2017, D. Banerjee obtained Ph. 
D. Degree in Science from Jadavpur University. Her 
research interest includes operations research, fuzzy 
optimization, and neutrosophic decision making. Title 
of her Ph. D. Thesis [118] is: “Some studies on 
decision making in an uncertain environment’’. Her 
Ph. D. thesis comprises of few chapters dealing with 
MADM in neutrosophic environment. 


Contribution: 


In 2016, Pramanik, Banerjee, and Giri [119] 
introduced refined tangent similarity measure.The 
authors presented an MAGDM model based on 
tangent similarity measure of neutrosophic refined set. 
The authors also introduced simplified form of 
tangent similarity measure. The authors defined new 
ranking method based on refined tangent similarity 
measure. Lastly, the authors solved a numerical 
example of teacher selectionin in neutrosophic refined 
set environment to see the effectiveness of the 
proposed strategy. 


In 2016, Banerjee et al.[120] developed TOPSIS 
startegy for MADM in refined neutrosophic 
environment. The authors also provided a numerical 
example to show the feasibility and applicability of 
the proposed TOPSIS strategy. 


In 2017, Banerjee, Pramanik, Giri and Smarandache 
[121] at first developed an MADM strategy in 
neutrosophic cubic set environment using grey 
relational analysis. The authors discussed about 
positive and negative grey relational coefficients,and 
weighted grey relational coefficients, Hamming 
distances for weighted grey relational coefficients and 
standard grey relational coefficient. 


Her Ph. D. thesis [118] entilted:““Multi-attribute deci- 
sion making in neutrosophic environment” was 
awarded “Doctorate of Neutrosophic theory” by the 
Indian Society for Neutrosophic Study (ISNS) with 
sponsorship by Neutrosophic Science International 


Association (NSIA). According to “Researchgate’’, 
citation of his research exceeds 55. 


3.5 Shyamal Dalapati 
— * = - : 





Shyamal Dalapati qualified CSIR-NET-Junior 
Research Fellowship (JRF) in 2017. He is a research 
scholar in Mathematics at the Indian Institute of En- 
gineering Science and Technology (IIEST), Shibpur, 
West Bengal, India.Title of his Ph. D. thesis is:“Some 
studies on neutrosophic decision making”. He 
continues his research in the field of neutrosophic 
multi attribute group decision making; neutrosophic 
hybrid systems; neutrosophic soft MADM . Curently, 
he is an assistant teacher of Mathematics His 
research interest includes decision making in 
neutrosophic environemnt and optimization. 


Contribution: 


In 2016, Dalapati and Pramanik [122] defined 
neutrosophic soft weighted average operator.They 
determined the order of the alternatives and identify 
the most suitable alternative based on grey relational 
coefficient. They also presented a numerical example 
of logistics center location selection problem to show 
the effectiveness and applicability of the proposed 
strategy. 


Dalapati,Pramanik, and Roy [123] proposed modeling 
of logistics center location problem using the score 
and accuracy function, hybrid-score-accuracy func- 
tion of SVNNs and linguistic variables under single- 
valued neutrosophic environment, where weight of 
the decision makers are completely unknown and the 
weight of criteria are incompletely known. 


Dalapati, Pramanik, Alam, Roy, and Smaradache 
[124] defined IN-cross entropy measure in INS 
environment in 2017. The authors proved the basic 
properties of the cross entropy measure. The authors 
also defined weighted IN- cross entropy measure and 
proved its basic properties. They also introduced a 
novel MAGDM strategy based on weighted IN-cross 
entropy. Finally, the authors solved a MAGDM 
problem to show the feasibility and efficiency of the 
proposed MAGDM strategy. 
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Pramanik, Dalapati, Alam, and Roy [125] defined 
TODIM strategy in bipolar neutrosophic _ set 
environment to handle MAGDM. The authors 
proposed a new strategy for solving MAGDM 
problems. The authors also solved an MADM 
problem to show the applicability and effectiveness of 
the proposed startegy. 


Pramanik, Dalapati, Alam, and Roy [126] introduced 
the score and accuracy functions for neutrosophic 
cubic sets and prove their basic properties in 2017. 
The authors developed a new strategy for ranking of 
neutrosophic cubic numbers based on the score and 
accuracy functions. The authors first developed a 
TODIM (Tomada de _  decisao  interativa e 
multicritévio) stratey in the neutrosophic cubic set 
(NCS) environment strategy. The authors also solved 
an MAGDM problem to show the applicability and 
effectiveness of the developed strategy. Lastly, the 
authors conducted a comparative study to show the 
usefulness of proposed strategies. 


In 2018, Pramanik, Dalapati, Alam, and Roy 
[127]extended the traditional VIKOR strategy to NC- 
VIKOR strategy and developed an NC-VIKOR based 
MAGDM strategy in neutrosophic cubic set 
environment. The authors defined the basic concept 
of neutrosophic cubic set. Then, the authors 
introduced neutrosophic cubic number weighted 
averaging operator and applied it to aggregate the 
individual opinion to one group opinion. The authors 
presented an NC-VIKOR based MAGDM strategy 
with neutrosophic cubic set. They also presented a 
sensitivity analysis. Finally, the authors solved an 
MAGDM problem to show the feasibility and 
efficiency of the proposed MAGDM strategy. 


Pramanik, Dalapati, Alam, and Roy [128] extended 
the VIKOR strategy to MAGDM with bipolar 
neutrosophic environment. The authors introduced the 
bipolar neutrosophic numbers weighted averaging 
operator and applied it to aggregate the individual 
opinion to one group opinion. The authors proposed 
a VIKOR based MAGDM sstrategy with bipolar 
neutrosophic set. Lastly, the authors solved an 
MAGDM ésstrategy to show the feasibility and 
efficiency of the proposed MAGDM strategy and 
presented a sensitivity analysis. 


Pramanik, Dalapati, Alam, and Roy [129] studied 
some operations and properties of neutrosophic cubic 
soft sets. The authors defined some operations such as 
P-union, P-intersection, R-union, R-intersection for 
neutrosophic cubic soft sets (NCSSs). The authors 
proved some theorems on neutrosophic cubic soft 
sets. The authors also discussed various approaches of 
internal neutrosophic cubic soft sets (INCSSs) and 
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external neutrosophic cubic soft sets (ENCSSs) and 
also investigated some of their properties. 

Pramanik, Dalapati, Alam, Smarandache, and Roy 
[130] defined a new cross entropy measure in SVNS 
environment.The authors also proved the basic 
properties of the NS cross entropy measure. The 
authors defined weighted SN-cross entropy measure 
and proved its basic properties. At first the authors 
proposed an MAGDM ésstrategy based on NS- cross 
entropy measure. 


Pramanik, Dalapati, Alam, Roy, Smarandache [131] 
defined similarity measure between neutrosophic 
cubic sets and proved its basic properties. They 
developed a new MADM strategy basd on the 
proposed similarity measure. They also provided an 
illustrative example for MADM strategy to show its 
applicability and effectiveness. 


Mr. Dalapati’s neutrosophic paper [132] was awarded 
as the outstanding research paper at the “lst Regional 
Science and Technology Congress, 2016 in 
mathematics. 


Mr. Shamal Dalapati is a young and hardworking 
researchers in neutrosophic field. In 2017, Mr. 
Dalapati was awarded “Diploma Certificate” from 
Neutrosophic Science _InternationalAssociation 
(NISA) for his outstanding performance in 
neutrosophic research. His research articles receive 
more than sevent citations. 


3.6 Prof.Tapan Kumar Roy 





Prof. T. K. Roy, Ph. D. in mathematics, is a 
Professor of mathematics in Indian Institute of 
Engineering Science and Technology (IEST), 
Shibpur. His main research interest includes 
neutrosophic optimization, neutrosophic game theory, 
decision making in neutrosophic environment, 


neutrosophy, etc. 


Contribution: 

In 2014, Pramanik and Roy [133] presented the 
framework of the application of game theory to 
Jammu Kashmir conflict between India and Pakistan. 
Pramanik and Roy [20] extended the concept of game 
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theoretic model [133] of the Jammu and Kashmir 
conflict in neutrosophic environment. 

At first, Roy and Das[134] presented multi-objective 
non -linear programming problem based on 
neutrosophic optimization technique and _ its 
application in Riser design problem in 2015. 

Roy, Sarkar, and Dey [133] presented a multi- 
objective neutrosophic optimization technique and its 
application to structural design in 2016. 


In 2017, Roy and Sarkar [135-138] also presented 
several applications of neutrosophic optimization 
technique. 


In 2017, Pramanik, Roy, Roy, and Smarandache 
[139] presented multi criteria decision making using 
correlation coefficient under rough neutrosophic 
environment. The authors defined correlation 
coefficient measure between any two rough 
neutrosophic sets and also proved some of its basic 
properties. 


In 2018, Pramanik, Roy, Roy, and Smarandache 
[140] defined projection and bidirectional projection 
measures between interval rough neutrosophic sets 
and proved their basic properties. The authors 
developed two new MADM strategies based on 
interval rough  neutrosophic projection and 
bidirectional projection measures. Then the authors 
solved a numerical example to show the feasibility, 
applicability and effectiveness of the proposed 
strategies. 


In 2018, Pramanik, Roy, Roy, and Smarandache [141] 
proposed the sine, cosine and cotangent similarity 
measures of interval rough neutrosophic sets and 
proved their basic properties. The authors presented 
three MADM strategies based on proposed similarity 
measures. To demonstrate the applicability, the au- 
thors solved a numerical example. Prof. Roy did re- 
search work on decision making in SVNS, INS, neu- 
trosophic hybrid environment [124-132, 139-141] 
with S. Pramanik, S. Dalapati, S. Alam and Rumi 
Roy. 


His paper [142] together with S. Pramanik and S. 
Chackrabarti was awarded as the best research paper 
in 15th West Bengal State Science & Technology 
Congress, 2008 held on 28th February-29th February, 
2008, at Bengal Engineering and Science University, 
Shibpur. 

Prof. Roy is a great motivator and a very hardworking 
person. He works with Prof. Florentin Smarandache. 


According to “Googlescholar” his research gets cita- 
tion over 2635. 


3.7Prof.Bibhas C. Giri 





Prof. Bibhas C.Giri is a Prof. of mathematics in 
Jadavpur University. He did his M.S. in Mathematics 
and Ph. D. in Operations Research both from 
Jadavpur University, Kolkata, India. His research 
interests include inventory/supply chain management, 
production planning and scheduling, reliability and 
maintenance. 

He was a JSPS Research Fellow at Hiroshima 
University, Japan during the period 2002-2004 and 
Humboldt Research Fellow at Mannheim University, 
Germany during the period 2007-2008, Fulbright 
Senior Research Fellow at Louisiana State University 
in the year 2012. 


Contribution: 


Prof. Giri works with S. Pramanik, P. Biswas and P. P. 
Dey in neutrosophic environment. His neutrosophic 
paper [143] coauthored with Kalyan Mondal and 
Surapati Pramanik received the outstanding research 
paper award at the“lst Regional Science and 
Technology Congress, 2016 in mathematics. His 
neutrosophic paper [144] together with Kalyan 
Mondal and Surapati Pramanik received the best 
research paper in 25 th West Bengal State Science 
and Technology Congress 2018 in mathematics. His 
neutrosophic research work and vast contribution can 
be found in [71-80, 82, 101-119]. 


Prof. Giri is a great motivator. According to 
“Googlescholar’, his research receives more than 
4920 citations having h-index-31 and i-10 index-78. 





3.8 Prof. Anjan Mukherjee | 

Anjan Mukherjee was born in 1955. He carpieted 
his B. Sc. and M. Sc. in Mathematics from Universi- 
ty of Calcutta and Ph. D. from Tripura University. 
Currently, he is a Professor and Pro -Vice Chancellor 
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of Tripura University. Under his guidance, 12 candi- 
dates obtained Ph. D. award. He has 30 years of re- 
search and teaching experience. His main research 
interest includes topology, fuzzy set theory, rough 
sets, soft sets, neutrosophic set, neutrosophic soft set, 
etc. 


Contribution: 


In 2014, Anjan Mukherjee and Sadhan Sarkar [145] 
defined the Hamming and Euclidean distances 
between two interval valued neutrosophic soft sets 
(IVNSSs). The authors also introduced similarity 
measures based on distances between two interval 
valued neutrosophic soft sets.The authors proved 
some basic properties of the similarity measures 
between two interval valued neutrosophic soft sets. 
They established an MADM strategy for interval 
valued neutrosophic soft set setting using similarity 
measures. 

Mukherjee and Sarkar [146] also defined several 
distances between two interval valued neutrosophoic 
soft sets in 2014. The authors proposed similarity 
measure between two interval valued neutrosophic 
soft sets. The authors also proposed similarity 
measure between two interval valued neutrosophic 
soft sets based on set theoretic approach. They also 
presented a comparative study of different similarity 
measures. 

Mukherjee and Sarkar [147]defined several distances 
between two neutrosophoic soft sets.The authors also 
defined similarity measure between two neutrosophic 
soft sets.The authors developed an MADM strategy 
based on the proposed similarity measure. 

Mukherjee and Sarkar [148] proposed a new method 
of measuring degree of similarity and weighted 
similarity between two neutrosophic soft sets and 
studied some properties of similarity measure. Based 
on the comparison between the proposed strategy 
[148] and existing strategies introduced by Mukherjee 
and Sarkar[147], the authors found that the proposed 
strategy [148] offers strong similarity measure. The 
authors also proposed a decision making strategy 
based on similarity measure. 

Prof. Anjan Mukherjee evaluated many Ph. D. theses. 
Among them, the Ph. D. thesis of Durga Banerjee 
[118] dealing with neutrosophic decision making was 
evaluated by Prof. Anjaan Mukherjee. Research of 
Prof. Mukherjee receives more than 700 citations for 
his works. Prof. Mukherjee is working with his group 
members with neutrosophic soft sets and its 
applications. 

3.9 Dr.Pabitra Kumar Maji 





Dr. Pabitra Kumar Maji, M. Sc., Post Doc., is an 
Assistant Professor of mathematics in Bidhan 
Chandra College, Asansol, West bengal. He works on 
soft set, fuzzy soft set, intuitionistic fuzzy set, fuzzy 
set, neutrosophic set, neutrosophic soft set, etc., 


Contribution: 


In 2011, Mayji [149] presented an application of 
neutrosophic soft set in object recognition problem 
based on multi-observer input data set. The author 
also introduced an algorithm to choose an appropriate 
object from a set of objects depending on some 
specified parameters. 

In 2014, Maji, Broumi, and Smarandache [150] 
defined intuitionistic neutrosophic soft set over ring 
and proved some properties related to this concept. 
They also defined intersection, union, AND and OR 
operations over ring (INSSOR). Finally, the authors 
defined the product of two intuitionistic neutrosophic 
soft set over ring. 

In 2015, Maji [151] presented weighted neutrosophic 
soft sets. The author presented an application of 
weighted neutrosophic soft sets in MADM problem. 
According “Googlescholar’’, his publication includes 
20 research paper having citations 5948. 

Maji [152] studied the concept of weighted 
neutrosophic soft sets. The author considered a multi- 
observer decision-making problem as an application 
of weighted neutrosophic soft sets. We have 
considered here a recognition strategy based on 
multi-observer input parameter data set. 

3.10 Dr. Harish Kumar Garg 





Dr. Harish Garg is an Assistant Professor in the 
School of Mathematics, Thapar Institute of 
Engineering &Technology (Deemed University) 
Patiala. He completed his post graduation (M.Sc) in 


Surapati Pramanik, Rama Mallick, Anindita Dasgupta, Contributions of Selected Indian Researchers to Multi Attribute 
Decision Making in Neutrosophic Environment: An Overview 


Neutrosophic Sets and Systems, Vol. 20, 2018 


124 





Mathematics from Punjabi University Patiala, India in 
2008 and Ph.D. from Department of Mathematics, 
Indian Institute of Technology (IIT) Roorkee, India in 
2013. His research interest includes neutrosophic 
decision-making, aggregation operators, reliability 
theory, soft computing technique, fuzzy and 
intuitionistic fuzzy set theory, etc. 


Contribution: 


In 2016, Garg and Nancy [153] defined some opera- 
tions of SVNNs such as sum, product, and scalar mul- 
tiplication under Frank norm operations. The authors 
also defined some averaging and geometric aggrega- 
tion operators and established their basic proper- 
ties. The authors also established a decision-making 
strategy based on the proposed operators and pre- 


sented an illustrative numerical example. 


In 2017, Garg and Nancy [154] developed a non- 
linear programming (NP) model based on TOPSIS to 
solve decision-making problems. At first, the authors- 
constructed a pair of the nonlinear fractional pro- 
gramming model based on the concept of closeness 
coefficient and then transformed it into the linear pro- 
gramming model. 


Garg and Nancy [155] defined some new types of 
distance measures to overcome the shortcomings of 
the existing measures for SVNSs. The authors 
presented a comparison between the proposed and the 
existing measures in terms of counter-intuitive cases 
for showing validity. The authors also demonstrated 
the defined measures with hypothetical case studies 
of pattern recognition as well as medical diagnoses. 


Garg and Nancy [156] studied the entropy measure of 
order a for single valued neutrosophic numbers. The 
authors established some desirable properties of 
entropy measure. The author also developed a 
MADM ésstrategy based on entropy measures and 
solved a numerical example of investment problem. 


Nancy and Garg [157] proposed an improved score 
function for ranking the single as well as interval- 
valued neutrosophic sets by incorporating the idea of 
hesitation degree between the truth and false degrees. 
The authors also presented an MADM strategy based 
on proposed function and solved a numerical example 
to show its practicality and effectiveness. 


Garg and Nancy [158] introduced some new 
linguistic prioritized aggregation operators in the 
linguistic single-valued neutrosophic set (LSVNS) 


environment.The authors proposed some prioritized 
weighted and ordered weighted averaging as well as 
geometric aggregation operators for a collection of 
linguistic single-valued neutrosophic numbers and 
established their basic properties. The authors also 
proposed MADM strategy and solved a numerical 
example. 


Dr. Garg research receives more than 2000 citations. 
Dr. Garg acts an active reviewer for reputed 
international journals and received certificate of 
outstanding in reviewing from “Computer & 
Industrial Engineering’’, “Engineering Applications 
of Artificial Intelligence’, “Applied Soft 
Computing’’, “Applied Mathematical Modeling’’, etc. 
Dr. Garg acts as editor for many international journals. 


3.11 Dr.Sukanto Bhattacharya 








Sukanto Bhattacharya is a faculy member and 
associated with Deakin Business School, Deakin 
University. 


Sukanto Bhattacharya [159] is the first researcher 
who employed utility theory to financial decision- 
making and obtained Ph. D. for applying 
neutrosophic probability in finance. His Ph. D. the- 
sis covers a substantial mosaic of related concepts 
in utility theory as applied to financial decision- 
making. The author reviewed some of the classi- 
cal notions of Benthamite utility and the norma- 
tive utility paradigm. The author proposed some 
key theoretical constructs like the neutrosophicno- 
tion of perceived risk and the entropic utility 
measure. 

Khoshnevisan, and Bhattacharya [160] added a 
neutrosophic dimension to the problem of 
determining the conditional probability that a 
financial misrepresentation of the data set. 

Prof. Bhattacharya is an active researcher and his 
works in neutrosophics are found in [159-163]. 
His research receives more than 380 citations. 

4. Conclusions 

We have presented a brief overview of the 
contributions of some selected Indian researchers who 
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conducted research in neutrosophic decision making. 
We briefly presented the contribution of the selected 
Indian neutrosophic researchers in MADM. In future, 
the contribution of Indian researchers such as W. B. 
V. Kandasamy, Pinaki Majumdar,Surapati Pramanik, 
Samarjit Kar, and other Indian mathematicians in 
developing neutrosophics can be studied. The study 
can also be extended for mathematicians from other 
countries who contributed in developing neutrosophic 
science. Decision making in neutrosophic hybrid 
environment is gaining much attention. So it is a 
promising field of research in different neutrosophic 
hybrid environment and the real cahllenge lies in the 
applications of the developed theories. Since some of 
the selected researchers are young, it is hoped that the 
researchers will do more creative works and new 
research regarding their contributions will have to be 
conducted in future. 
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